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Abstract
This paper presents an explicit correspondence between two different types of integrable
equations; the quantum Yang-Baxter equation in its star-triangle relation form, and the clas-
sical 3D-consistent quad equations in the Adler-Bobenko-Suris (ABS) classification. Each of
the 3D-consistent ABS quad equations of H-type, are respectively derived from the quasi-
classical expansion of a counterpart star-triangle relation. Through these derivations it is seen
that the star-triangle relation provides a natural path integral quantization of an ABS equa-
tion. The interpretation of the different star-triangle relations is also given in terms of (hyper-
bolic/rational/classical) hypergeometric integrals, revealing the hypergeometric structure that
links the two different types of integrable systems. Many new limiting relations that exist be-
tween the star-triangle relations/hypergeometric integrals are proven for each case.
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1 Introduction
This paper is concerned with developing an explicit connection between two important but distinct
principles of integrability, that are typically considered exclusively of each other. The first principle
is the quantum Yang-Baxter equation, a condition of integrability for two-dimensional models of
statistical mechanics, that allows an exact solution of the model to be determined in the infinite
lattice limit through the transfer matrix technique that was introduced by Baxter [1,2]. The second
principle is the 3D-consistency condition, a condition of integrability for two-dimensional systems
of quad (lattice) equations, where existence of traditional integrabililty characteristics such as zero
curvature representations and Ba¨cklund-Darboux transformations, follows from the consistency of
the equations when considered in three or more dimensions [3–5].
The key to the connection between these two principles of integrability, lies in the quasi-classical
expansion of solutions to the quantum Yang-Baxter equation [6–9]. The purpose of this paper is
to complete a correspondence that has been presented in [8], where each of the 3D-consistent Q-
type quad equations in the Adler-Bobenko-Suris (ABS) classification [5], were shown to arise in the
quasi-classical expansion of different respective solutions of the star-triangle relation (STR) form
of the Yang-Baxter equation. This paper extends the latter correspondence to the entire ABS list,
through the use of explicit new solutions of an asymmetric form of the STR.
Specifically, for some complex valued spin variables σ1, σ2, σ3, and spectral variables θ1, θ3, the
asymmetric form of the STR takes the form
∫
R
dσ0 ρ(θ1, θ3 ∣σ1, σ2, σ3;σ0; h̵) = V (θ1 ∣σ2, σ3; h̵)V (θ1 + θ3 ∣σ1, σ3; h̵)W (θ3 ∣σ2, σ1; h̵) , (1.0.1)
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where h̵ is a real valued parameter, and the integrand is
ρ(θ1, θ3 ∣σ1, σ2, σ3;σ0; h̵) = V (θ1 ∣σ1, σ0; h̵)V (θ1 + θ3 ∣σ2, σ0; h̵)W (θ3 ∣σ0, σ3; h̵) . (1.0.2)
The V (θ ∣σi, σj), V (θ ∣σi, σj), W (θ ∣σi, σj), W (θ ∣σi, σj) are functions known as Boltzmann weights,
which for (1.0.1) will typically be complex valued. The key to obtaining the 3D-consistent quad
equations, is in the left hand side of (1.0.1) in the limit of the parameter h̵ → 0. For a change of
variables of the form σi → σ′i = fi(xi), θj → θ′j = gj(αj), an asymptotic expansion of the integrand
(1.0.2) for h̵→ 0 can always be found, that takes the form
Logρ(θ′1, θ′3 ∣σ′1, σ′2, σ′3;σ′0; h̵) = h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) , (1.0.3)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x0, x1) +Λ(α1 +α3 ∣x0, x2) + L(α3 ∣x0, x3) . (1.0.4)
The Lagrangian functions Λ, Λ, L, coincide with theO(h̵−1) terms of the expansion of the Boltzmann
weights V , V , W , respectively. The saddle point equation for (1.0.1), is then given by the three-leg
equation
∂A☆(α1, α3 ∣x0, x1, x2, x3)
∂x0
= φ(α1 ∣x0, x1) + φ(α1 + α3 ∣x0, x2) + ϕ(α3 ∣x0, x3) = 0 , (1.0.5)
for some φ, φ, ϕ, which coincide with the respective derivatives of Λ, Λ, L. For explicit cases found
in this paper, the saddle point equation (1.0.5) can be transformed via a specific change of variables
into an equation of the form
Q(x,u, y, v;α,β) = 0 , (1.0.6)
where the function Q(x,u, y, v;α,β) is a polynomial that is linear in each of the x, u, y, v (known
as the “affine-linear” property), and Q(x,u, y, v;α,β) satisfies the 3D-consistency integrability con-
dition [3–5].
The fact that the equation (1.0.6), can have an affine-linear form and is 3D-consistent is not
obvious, since the original form of the Boltzmann weights, and resulting equations (1.0.3), (1.0.5),
are generally non-trivial (elliptic/hyperbolic/rational/algebraic) functions of the variables σ0, σ1,
σ2, σ3, and x0, x1, x2, x3 respectively. Specifically, it will be seen that all such equations (1.0.6) that
are obtained from a STR of the form (1.0.1), may be identified as H-type 3D-consistent affine-linear
equations in the ABS classification [5, 10].
This is a rather interesting and unexpected connection, particularly since the latter classification
was originally derived independently of the existence of any Yang-Baxter structure. In this paper,
the derivation of 3D-consistent quad equations (1.0.6) from the STR (1.0.1), as outlined above, will
be referred to as Yang-Baxter/3D-consistency correspondence.
There is another important application of the star-triangle relation (1.0.1), besides the afore-
mentioned application to integrability. Namely, explicit solutions of (1.0.1) can be shown to be
equivalent to transformation formulas for hypergeometric functions. Some examples that are new
in this paper include the derivation of the H1(ε=0) equation from a STR which is equivalent to
a sum of two classical Euler beta functions, and the derivation of the equations H2(ε=1), H2(ε=0),
H1(ε=1), from STRs that are respectively equivalent to different hypergeometric integral formulas of
Barnes [11,12]. This result suggests that hypergeometric integrals are a universal structure behind
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these types of integrable systems. The summary of the correspondence found between the STR,
hypergeometric integrals, and 3D-consistent equations, is given in Appendix A.
The structure of the paper is as follows. In Section 2, the Yang-Baxter/3D-consistency corre-
spondence is discussed in further detail, and in Sections 3, 4, 5, explicit derivations are given of the
Yang-Baxter/3D-consistency correspondence for all Q and H-type ABS equations at the hyperbolic,
rational, and algebraic levels respectively. Finally, the connection to hypergeometric functions is
summarised in Appendix A, and also some non-integrable examples, which have a slightly different
form from the STR (1.0.1), are considered in Appendix B.
2 Yang-Baxter/3D-consistency correspondence
2.1 Star-triangle relation
To begin with the star-triangle relation will be described in more detail. A usual form of the star-
triangle relation for exactly solved lattice models of statistical mechanics, can be written as [2,13,14]
∫
R
dσ0 S(σ0)W qr(σ1, σ0)Wpr(σ2, σ0)W pq(σ0, σ3)
= RpqrWqr(σ2, σ3)W pr(σ1, σ3)Wpq(σ2, σ1) .
(2.1.1)
In (2.1.1) there are three independent, “spin” variables σ1, σ2, σ3, and three rapidity variables p, q, r.
Typically these variables are taken to be real valued, but for the purposes of this paper the variables
can take general complex values. The two functions Wpq(σi, σj), W pq(σi, σj), are the Boltzmann
weights. In this paper, the Boltzmann weights will generally be seen to be complex valued, and
consequently the Boltzmann weights do not describe “physical” interactions of an associated lattice
model. The S(σi), may be interpreted as another type of Boltzmann weight, that depends on the
value of the individual spin σi, and is independent of the rapidity variables. It is sometimes the
case that S(σi) = 1, otherwise it is a non-trivial function of σi. The Rpqr is a spin independent
normalisation factor, that depends on the values of p, q, r.
The star-triangle relation (2.1.1) also has a natural graphical interpretation. If the spin variables
σi, are assigned to vertices, and the Boltzmann weights Wpq(σi, σj), W pq(σi, σj), are assigned to
edges connecting two vertices σi, σj , then (2.1.1) has the graphical form shown in Figure 1.
Unless otherwise stated, the symmetry
Wpq(σi, σj) =Wpq(σj , σi) , W pq(σi, σj) =W pq(σj, σi) , (2.1.2)
is not assumed, and thus the ordering of variables in (2.1.1) will need to be taken into consideration.
This also means that a second star-triangle relation where the two spin variables in the argument
of each Boltzmann weight of (2.1.1) are exchanged (this second star-triangle relation graphically
corresponds to reversing the orientation of each rapidity line in Figure 1), in general is not satisfied
for the cases considered here.
The directed dotted lines in Figure 1, are associated with the rapidity variables that appear in
the star-triangle relation (2.1.1). The crossing of the directed rapidity lines over the solid edges
in Figure 1, distinguishes the two types of edges with the associated Boltzmann weights pictured
in Figure 2. This crossing of directed rapidity lines also distinguishes the ordering of spins that
appear in the arguments of the Boltzmann weights Wpq(σi, σj), W pq(σi, σj). Such edges and their
Boltzmann weights are the building blocks of an integrable lattice model of statistical mechanics,
where the Boltzmann weights characterise the interaction energies between nearest neighbour spins.
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pqr
σ0
σ1
σ3 σ2
= p
qr
σ1
σ3 σ2
Figure 1: Graphical representation of the star-triangle relation form of the quantum Yang-Baxter equation
(2.1.1).
The star-triangle relation (2.1.1) is the condition of integrability for such a lattice model, from
which one may find a set of commuting transfer matrices that may be used to solve for the partition
function per site in the thermodynamic limit [2].
qp
σi σj
Wpq(σi, σj)
p q
σi
σj
W pq(σi, σj)
Figure 2: The first type of edge on the left, is associated with a Boltzmann weight Wpq(σi, σj), and the
second type of edge on the right, is associated with the Boltzmann weight W pq(σi, σj).
2.1.1 Symmetric form (quantum Q-type equation)
For the cases considered in this paper, some symmetries may be used to simplify the form of the
star-triangle relation (2.1.1). First, the Boltzmann weights Wpq(σi, σj), W pq(σi, σj), only depend
on the difference of rapidity variables p − q, consequently the star-triangle relation will be written
in terms of the redefined Boltzmann weights W (θ ∣σi, σj), W (θ ∣σi, σj), as
W (θ ∣σi, σj) ∶=Wpq(σi, σj) , W (θ ∣σi, σj) ∶=W pq(σi, σj) , (2.1.3)
where θ = p − q, is a rapidity difference (spectral) variable.
Then setting
θ1 = q − r , θ3 = p − q , (2.1.4)
it follows that the star-triangle relation (2.1.1) may be written in the following equivalent form
∫
R
dσ0 S(σ0)W (θ1 ∣σ1, σ0)W (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ3, σ0)
= R(θ1, θ3)W (θ1 ∣σ3, σ2)W (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ1, σ2) .
(2.1.5)
The star-triangle relation (2.1.5) depends on two independent, real-valued, rapidity difference vari-
ables θ1, θ3 (as well as the same three independent spin variables σ1, σ2, σ3). In terms of the variables
(2.1.4), a graphical representation of the star-triangle relation (2.1.5) is shown in Figure 3.
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W (θ1 ∣σ1, σ0)
W (θ3 ∣σ0, σ3) W (θ1 + θ3 ∣σ2, σ0)σ0
σ1
σ3 σ2
=
W (θ1 ∣σ2, σ3)
W (θ3 ∣σ1, σ3)W (θ1 + θ3 ∣σ1, σ3)
σ1
σ3 σ2
Figure 3: Graphical representation of the star-triangle relation (2.1.5).
The star-triangle relation (2.1.5), is one of two main forms that will be referred to throughout
this paper, and is a typical form that is associated with the integrable lattice models of statistical
mechanics [2]. It is also worth noting that there exists another symmetry known as the crossing
symmetry, for which W (θ ∣σi, σj), and W (θ ∣σi, σj), are related by
W (θ ∣σi, σj) =W (η − θ ∣σi, σj) , (2.1.6)
where η is known as the crossing parameter. It follows that the star-triangle relation (2.1.5), where
(2.1.6) is satisfied, can be written in the more symmetric form
∫
R
dσ0 S(σ0)W (θ1 ∣σ1, σ0)W (θ2 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ1, θ2, θ3)W (θ1 ∣σ2, σ3)W (θ2 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(2.1.7)
with the condition that η = θ1+θ2+θ3. The crossing symmetry (2.1.6) (along with the spin reflection
symmetry (2.1.2)) is satisfied for the majority of star-triangle relations of the form (2.1.5), with
the exception of the rational cases in Section 4 (corresponding to integrable quad equations Q2 and
Q1(δ=1)). The star-triangle relation of the form (2.1.5) was previously shown [8] to correspond to
quantum counterparts of the Q-type equations in the ABS list [5].
2.1.2 Asymmetric form (quantum H-type equation)
The second form of the star-triangle relation considered in this paper (introduced in (1.0.1)), takes
the form
∫
R
dσ0 S(σ0)V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ1, θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) .
(2.1.8)
This form of the star-triangle relation will be seen to be associated to the asymmetric H-type ABS
equations [10]. The star-triangle relations of the form (2.1.8), may be obtained as certain asymmetric
limits of the star-triangle relation (2.1.5) (or (2.1.7)), and examples of such limits will be proven for
each example considered in this paper. In all cases, the Boltzmann weightsW (θ ∣σi, σj),W (θ ∣σi, σj)
in (2.1.8), are equivalent to a Boltzmann weight coming from a star-triangle relation of the form
(2.1.5).1 The star-triangle relation (2.1.8) has the graphical representation given in Figure 4, where
to contrast with Figure 3, the Boltzmann weights V (θ ∣σi, σj), V (θ ∣σi, σj), are associated to double
edges that connect two vertices.
1The classical analogue of this property, is that the three-leg form of an H-type ABS equation, always has a “leg”
function in common with a Q-type ABS equation.
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V (θ1 ∣σ1, σ0)
W (θ3 ∣σ0, σ3) V (θ1 + θ3 ∣σ2, σ0)σ0
σ1
σ3 σ2
=
V (θ1 ∣σ2, σ3)
W (θ3 ∣σ1, σ3)V (θ1 + θ3 ∣σ1, σ3)
σ1
σ3 σ2
Figure 4: Graphical representation of the asymmetric form of the star-triangle relation (2.1.8).
2.2 3D-consistent equations from the quasi-classical expansion
2.2.1 Classical Q-type equations
Recall the symmetric star-triangle relation given in (2.1.5). Let fi,h̵(xi), i = 0,1,2,3, and gj,h̵(α),
j = 1,3, respectively denote suitable scaling and translations of the variables xi, θi, which depend
on a parameter h̵ > 0, such that with a change of variables
σi = fi,h̵(xi) , i = 0,1,2,3 , θj = gj,h̵(αj) , j = 1,3 , (2.2.1)
the leading asymptotics of the left hand side of the star-triangle relation (2.1.5) takes the form
∫ dx0√
h̵
exp (h̵−1(A☆(x0, x1, x2, x3;α1, α3) +O(1)) , (2.2.2)
where
A☆(x0, x1, x2, x3;α1, α3) = C(x0) + L(α ∣x1, x0) + L(α + β ∣x2, x0) + L(α3 ∣x3, x0). (2.2.3)
Up to possibly some factors which have no overall contribution to the star-triangle relation (2.1.5),
the functions L(α ∣xi, xj), and L(α ∣xi, xj), correspond to the O(h̵−1) asymptotics of W (θ ∣σi, σj),
and W (θ ∣σi, σj), respectively, while C(x) corresponds to the O(h̵−1) asymptotics of the factor
S(σ).
The saddle point equation of (2.2.2) is given by
∂
∂x
A☆(x,x1, x2, x3;α1, α3)∣
x=x0
= 0 . (2.2.4)
Then for example, by defining
∂C(xj)
∂xj
+ ∂L(α ∣xi, xj)
∂xj
= ϕ(α ∣xi, xj) , ∂L(α ∣xi, xj)
∂xj
= ϕ(α ∣xi, xj) , (2.2.5)
the saddle point equation (2.2.4) takes a typical “three-leg” form
∂
∂x
A☆(x,x1, x2, x3;α1, α3)∣
x=x0
= ϕ(α1 ∣x1, x0) +ϕ(α1 +α3 ∣x2, x0) +ϕ(α3 ∣x0, x3) = 0 . (2.2.6)
Note that here the derivative ∂ C(x)/∂x, is absorbed into the definition of ϕ(x, y;α), however it
may also in principle be absorbed into ϕ(x, y;α), or a combination of both. It is only the overall
expression given in (2.2.6) that matters. Defining α2 = α1 + α3, the functions ϕ(α ∣xi, xj), and
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ϕ(α2 ∣x2, x0)
ϕ(α1 ∣x1, x0)
ϕ(α2 − α1 ∣x0, x3)
x0
x2
x3
x1
Figure 5: Q-type three-leg equation (2.2.4) arising as the saddle point equation for the star-triangle relation
(2.1.5).
ϕ(α ∣xi, xj) of the saddle point equation (2.2.4), may be associated to edges and vertices of a
quadrilateral, as depicted in Figure 5.
For all solutions of the star-triangle relation (2.1.5) considered in this paper, there exists a
change of variables of the form
x = h0(x0), u = h1(x1), y = h2(x2), v = h3(x3), α = ha(α1, α3), β = hb(α1, α3) , (2.2.7)
such that the three-leg saddle point equation (2.2.4) may be seen to correspond to the equation
Q(x,u, y, v;α,β) = 0 , (2.2.8)
where the function Q(x,u, y, v;α,β) is a polynomial that is linear in each of the variables x,u, y, v
respectively (known as the affine-linear property). For the algebraic case that is considered in Section
5, the equations (2.2.4) and (2.2.8) are equivalent, up to the corresponding change of variables of
the form (2.2.7). For each of the remaining cases, the correspondence between (2.2.4) and (2.2.8)
is obtained by first writing (2.2.4) in the form
∂
∂x
A☆(x,x1, x2, x3;α1, α3)∣
x=x0
= Log (Φ(α1 ∣x1, x0)Φ(α1 +α3 ∣x2, x0)Φ(α3 ∣x3, x0)) + 2piik , (2.2.9)
for some k ∈ Z, where Log(z) denotes the principal branch of the complex logarithm. Then it may
be seen that up to the change of variables of the form (2.2.7), the equation Φ(α1 ∣x1, x0)Φ(α1 +
α3 ∣x2, x0)Φ(α3 ∣x3, x0) = 1 is equivalent to the quad equation (2.2.8). Note that for such cases,
(2.2.4), and (2.2.8), are obviously only equivalent in connected subspaces of the 6-dimensional
complex parameter space of the variables x0, x1, x2, x3, α1, α3, where k = 0 in (2.2.9).
An important notion of integrability for equations of the type (2.2.8), is known as 3D-consistency
(also known as consistency-around-a-cube, or multi-dimensional consistency). The property of 3D-
consistency may be stated as follows:
3D-consistency condition. [3–5] Associate the six respective equations
Q(x0, x1, x2, x12, α, β) = 0 ,
Q(x0, x1, x3, x13, α, γ) = 0 ,
Q(x0, x2, x3, x23, β, γ) = 0 ,
Q(x13, x3, x123, x23, α, β) = 0 ,
Q(x12, x2, x123, x23, α, γ) = 0 ,
Q(x12, x1, x123, x13, β, γ) = 0 ,
(2.2.10)
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to the corresponding six faces of a cube, as indicated in Figure 6. Edges that are parallel in Figure
6, are always associated with the same variable α, β, or γ. Then consider the initial value problem,
where x0, x1, x2, x3 and α,β, γ, are known, and x12, x13, x23, x123, are to be determined. Due to
the affine-linear property of (2.2.8), the first three equations in (2.2.10) may be solved uniquely for
the variables x12, x13, x23, respectively. The 3D-consistency condition is that the remaining three
equations in (2.2.10), each must agree for the solution of the remaining variable x123.
γ
α
β
x123
x2 x12
x23
x13
x0 x1
x3
Figure 6: 3D-consistency, also known as “consistency-around-a-cube”, or “multi-dimensional consistency”.
Remarkably, for all cases considered in this paper, the quad equation (2.2.8) derived from the
star-triangle relation (2.1.5) satisfies 3D-consistency exactly as described above, and corresponds
to an equation in the ABS classification [5]. The resulting correspondence between the solutions
of the star-triangle relation (2.1.5), and the symmetric 3D-consistent ABS equations of Q-type, is
given by the following Theorem [6–8]:
Theorem 2.1. There exists a respective solution W (θ ∣σi, σj), W (θ ∣σi, σj), of the star-triangle
relation (2.1.5) for each of the 3D-consistent Q-type quad equations (2.2.8) of the ABS list, which has
a quasi-classical expansion that can be written in the form (2.2.2), through which the corresponding
Q-type quad equation (2.2.8) is obtained from the saddle point three-leg equation (2.2.4) with a
change of variables of the form (2.2.7).
The Yang-Baxter/3D-consistency correspondence for Q-type equations given by Theorem 2.1
(and which also appear in this paper) is summarised in Table 1 (note also the interpretation of the
star-triangle relations in terms of hypergeometric integrals which is summarised in Table 3).
Boltzmann Weights Three-Leg Equation Quad Equation
(3.2.3) (3.2.17) Q3(δ=1) (3.2.22)
(3.3.2) (3.3.13) Q3(δ=0) (3.3.18)
(4.2.3) (4.2.16) Q2 (4.2.21)
(4.3.2) (4.3.13) Q1(δ=1) (4.3.18)
(5.1.3) (5.1.22) Q1(δ=0) (5.1.27)
Table 1: Q-type ABS quad equations (2.2.8) derived from the star-triangle relation (2.1.5).
The Yang-Baxter/3D-consistency correspondence summarised in Theorem 2.1 and Table 1 has
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appeared previously in other papers [6–8]. These equations will be considered again here, mainly
because the star-triangle relations for the H-type equations (discussed in the following subsection)
will be seen to arise from certain limits of the star-triangle relations (2.1.5) for the Q-type equations.
Since the main motivation of this paper is to consider the Yang-Baxter/3D-consistency corre-
spondence for the H-type equations, the elliptic case will not be considered here, for which there
is only the one Q-type equation, Q4. The star-triangle relation for Q4 also slightly differs from
the exact form of (2.1.5), in that the integration and associated spin variables are not taken in R,
but rather are restricted to a compact subset of R. The equation Q4 has previously been derived
from various different solutions of the star-triangle relation, as summarised in Figure 7. Figure 7
illustrates that a single quad equation may correspond to several different forms of the star-triangle
relation, which are each associated with distinct integrable lattice models. In other words the quan-
tization of an integrable quad equation through the Yang-Baxter/3D-consistency correspondence is
not unique.
Quantum
Classical
[8] N →∞[15] q→ epii/rN
MS
[15] q → epii/rN
[7] q → epii/N
[7] q→ epii/Nr = 1LEGF KM
Q4
Figure 7: Star-triangle relations that reduce to Q4 in a quasi-classical limit. Here LEGF, MS, KM, stand for
lens elliptic gamma function solution [16], master solution [7], Kashiwara-Miwa solution [17], of star-triangle
relations respectively. Also filled single, and double arrow heads, respectively represent leading (O(h̵−1)) and
subleading (O(1)) order quasi-classical expansions.
2.2.2 Classical H-type equations
Next consider the asymmetric form of the star-triangle relation given in (2.1.8). The majority of
the previous discussion for (2.1.5) also holds for (2.1.8), with only some small differences.
The quasi-classical expansion (2.2.1) of the star-triangle relation (2.1.8), has the same form given
in (2.2.2), but with (2.2.3) replaced with
A☆(x0, x1, x2, x3;α1, α3) = C(x0) +Λ(α ∣x1, x0) +Λ(α + β ∣x2, x0) + L(α3 ∣x0, x3) . (2.2.11)
The functions Λ(α ∣xi, xj), Λ(α ∣xi, xj), L(α ∣xi, xj), correspond to the O(h̵−1) asymptotics of
V (θ ∣σi, σj), V (θ ∣σi, σj),W (θ ∣σi, σj), respectively (up to factors which have no overall contribution
to the star-triangle relation (2.1.8)), while C(x) corresponds to the O(h̵−1) asymptotics of the factor
S(σ).
Similarly to (2.2.6), the saddle point equation (2.2.4) for (2.2.11), may be written in a typical
three-leg form
∂
∂x
A☆(x,x1, x2, x3;α1, α3)∣
x=x0
= φ(α1 ∣x0, x1) + φ(α1 +α3 ∣x0, x2) +ϕ(α3 ∣x0, x3) = 0 , (2.2.12)
where φ(α ∣xi, xj), φ(α ∣xi, xj), ϕ(α ∣xi, xj), are appropriately defined derivatives of Λ(α ∣xi, xj),
Λ(α ∣xi, xj), L(α ∣xi, xj), and C(x). Defining α2 = α1 + α3, the functions φ(α ∣xi, xj), φ(α ∣xi, xj),
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and ϕ(α ∣xi, xj) in the saddle point equation (2.2.12), may be associated to edges and vertices of a
quadrilateral, as depicted in Figure 8.
φ(α2 ∣x0, x2)
φ(α1 ∣x0, x1)
ϕ(α2 − α1 ∣x0, x3)
x0
x2
x3
x1
Figure 8: H-type three-leg equation (2.2.12) arising as the saddle point equation for the star-triangle relation
(2.1.8). Double edges are drawn to be consistent with Figure 4.
For all solutions of the asymmetric star-triangle relation (2.1.8) considered in this paper, there
exists a change of variables of the form (2.2.7), such that the three-leg saddle point equation (2.2.12)
may be written in the form
H(x,u, y, v;α,β) = 0 , (2.2.13)
where the function H(x,u, y, v;α,β) is a polynomial that is linear in each of the variables x,u, y, v
respectively. The correspondence between (2.2.12) and (2.2.13), is analogous to the correspondence
between (2.2.4), and (2.2.8). That is, for a particular algebraic case in Section 5 corresponding to
both the H1(ε=0), and H1(ε=1) quad equations, the equations (2.2.12) and (2.2.13) are equivalent
up to the change of variables of the form (2.2.7). For the remaining cases, (2.2.12) may be written
as
∂
∂x
A☆(x,x1, x2, x3;α1, α3)∣
x=x0
= Log (Ψ(α1 ∣x1, x0)Ψ(α1 +α3 ∣x2, x0)Φ(α3 ∣x3, x0)) + 2piik ,
(2.2.14)
for some k ∈ Z. Then the equation Ψ(α1 ∣x1, x0)Ψ(α1 + α3 ∣x2, x0)Φ(α3 ∣x3, x0) = 1 may be seen
to be equivalent to the quad equation (2.2.13), up to the change of variables of the form (2.2.7).
Consequently, (2.2.4), and (2.2.8), are equivalent in the connected subspaces of the parameter space
of variables x0, x1, x2, x3, α1, α3, where k = 0 in (2.2.14).
The equations (2.2.13) derived from (2.1.8) also satisfy 3D-consistency, exactly as described in
the previous subsection for (2.2.8), and are identified in this paper with the asymmetric H-type
ABS equations [5, 10]. The resulting Yang-Baxter/3D-consistency correspondence is given by the
following Theorem:
Theorem 2.2. There exists a respective solutionW (θ ∣σi, σj),W (θ ∣σi, σj), V (θ ∣σi, σj), V (θ ∣σi, σj)
of the star-triangle relation (2.1.8) for each of the 3D-consistent H-type quad equations (2.2.13) of
the ABS list, which has a quasi-classical expansion that can be written in the form (2.2.2) (with
(2.2.11)), through which the corresponding H-type quad equation (2.2.13) is obtained from the saddle
point three-leg equation (2.2.12) with a change of variables of the form (2.2.7).
The correspondence between solutions of the star-triangle relation (2.1.8), and each of the H-
type ABS quad equations given by Theorem 2.2, is summarised in Table 2.
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Boltzmann Weights Three-Leg Equation Quad Equation
(3.4.2) (3.4.14) H3(δ=1; ε=1) (3.4.19)
(3.5.2) (3.5.14) H3(δ=1; ε=1) (3.5.19)
(3.6.2) (3.6.16) H3(δ=0,1; ε=1−δ) (3.6.21)
(3.7.2) (3.7.15) H3(δ=0; ε=0) (3.7.20)
(4.4.2) (4.4.13) H2(ε=1) (4.4.18)
(4.5.2) (4.5.12) H2(ε=1) (4.5.16)
(4.6.2) (4.6.14) H2(ε=0) (4.6.19)
(5.2.2) (5.2.22) H1(ε=1) (5.2.26)
(5.3.3) (5.3.21) H1(ε=1) (5.3.26)
(5.2.2) (5.4.7) H1(ε=0) (5.4.11)
Table 2: H-type ABS quad equations (2.2.13) derived from the star-triangle relation (2.1.8).
The proof of Theorem 2.2 is provided through explicit examples and computations that appear
in Sections 3, 4, and 5. Each of the Boltzmann weights corresponding to solutions of the star-
triangle relation (2.1.8) in Table 2 are new, except for the case which corresponds to H3(δ=0,1; ε=1−δ)
which appeared previously in [18]. Quad equations for which ε = 1, may each be derived from two
different solutions of the star-triangle relation (2.1.8), which respectively give different three-leg
equations that come from the quasi-classical expansion, but result in the same quad equations (up
to relabelling of the variables).2 Also both of the quad equations H3(δ=1,ε=0), H3(δ=0,ε=1), may be
obtained from the same solution of the star-triangle relation, and same three-leg equation, by using
different respective changes of variables of the form (2.2.7). Thus they are referred to here as a single
quad equation H3(δ=0,1; ε=1−δ). This can be expected, since one of the quad equations H3(δ=1,ε=0),
H3(δ=0,ε=1), may be transformed into the other equation by a change straightforward change of
variables, and vice versa, however it appears that this is the first time that such a symmetry
between these equations has been noticed. Finally the quad equations H1(δ=1), and H1(δ=0), may
be obtained from the same solution of the star-triangle relation (5.2.1), by using different respective
choices of quasi-classical expansion.
3 Hyperbolic cases
3.1 Hyperbolic gamma function
The central function at the hyperbolic level is known as the hyperbolic gamma function (also non-
compact quantum dilogarithm, or double sine function),3 and is defined by
Γh(z;b) = exp{∫[0,∞)
dx
x
( iz
x
− sinh(2izx)
2 sinh(xb) sinh(x/b))} , ∣ Im (z) ∣ < Re (η) , (3.1.1)
2This is consistent with a previously study [19] of the three-leg equations, where the latter were obtained from
3D-consistent asymmetric H-type ABS equations and associated biquadratic polynomials (rather than from the saddle
point equations of respective solutions of the star-triangle relations).
3The name typically refers to the convention used for the function (3.1.1). The convention used here appeared
in [20], and the different conventions are related by simple changes of variables, e.g., as outlined in [21–23].
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where the crossing parameter is
η = b + b−1
2
. (3.1.2)
For the purposes here, the modular parameter b will take positive values
b > 0 , (3.1.3)
such that the crossing parameter (3.1.2) is also real valued and positive.
The hyperbolic gamma function (3.1.1) satisfies the inversion relation
Γh(z;b) = 1
Γh(−z;b) , (3.1.4)
and difference equations
Γh(z − ib;b)
Γh(z;b) = 2cosh(pi(2z − ib
−1)/(2b)) , Γh(z − ib−1;b)
Γh(z;b) = 2cosh(pi(2z − ib)b/2) . (3.1.5)
Through the use of the latter equations, the hyperbolic gamma function (3.1.1) may be analytically
continued to C − ibZ≥0 − ib−1Z≥0 − {η} [20].
Defining the parameter h̵ in terms of b, as
h̵ = 2pib2 , (3.1.6)
the quasi-classical expansion will involve setting
σi = xi√
2pih̵
, i = 0,1,2,3, θj = αj√
2pih̵
, j = 1,3 , (3.1.7)
in the star-triangle relations (2.1.5), (2.1.8), and considering the limit
h̵→ 0+ . (3.1.8)
In this limit the leading asymptotics of (3.1.1) are given by [24]
LogΓh(z(2pib)−1;b) = γh(z)
ih̵
+O(h̵) , Im(z) < pi , (3.1.9)
where γh(z) is defined by
γh(z) = Li2(−ez) + pi2
12
− z2
4
, (3.1.10)
and Li2(z) is the dilogarithm function, defined for C − [1,∞) by
Li2(z) = −∫ z
0
dx
Log(1 − x)
x
. (3.1.11)
The asymptotics of the hyperbolic gamma function (3.1.1) for large z will also be needed.
Specifically, the hyperbolic gamma function (3.1.1) satisfies [22,25]
LogΓh(z ± κ;b) = ∓pii
2
B2,2(iz + η;b,b−1) +O(e−2piβ∣z±κ∣) , κ→∞ , (3.1.12)
13
where 0 < β <min(b,b−1), and B2,2(z;ω1, ω2) is a multiple Bernoulli polynomial [26]
B2,2(z;ω1, ω2) = z2
ω1ω2
− (ω1 + ω2)z
ω1ω2
+ ω21 + ω22 + 3ω1ω2
6ω1ω2
. (3.1.13)
The asymptotics of the hyperbolic gamma function ϕ(z) in the limit ∣z∣ →∞, allows for many
different asymmetric degenerations of the star-triangle relation (2.1.5), from which different forms
of the star-triangle relations in either (2.1.5), or (2.1.8) can be obtained. Specifically, different solu-
tions of the star-triangle relation (2.1.5), or (2.1.8), are obtained, by shifting some of the variables
σ0, σ1, σ2, σ3, θ1, θ3 to infinity, in the form
σi → σi + ni κ, θi → θi +mi κ, κ→∞ , (3.1.14)
where ni,mi ∈ Z, such that the integral (2.1.5) converges when taking κ→∞. From the asymptotics
of the hyperbolic gamma function (3.1.12), the shifts of the form (3.1.14) will simply result in some
additional exponential factors, and in most of the relevant cases these factors simply cancel out
of the resulting star-triangle relation. In this way different Boltzmann weights satisfying either of
the star-triangle relations (2.1.5), (2.1.8), may be obtained, whose quasi-classical expansions will be
seen to give the different ABS equations Q3(δ=1), Q3(δ=0) H3(δ=1; ε=1), H3(δ=0,1; ε=1−δ), H3(δ=0; ε=0) at
the hyperbolic level. Note also that there is no known analogue of the asymptotic formula (3.1.12)
for the elliptic gamma function (elliptic counterpart of (3.1.1)), and it is not known how to obtain
such degenerations amongst the formulas appearing at the elliptic level, if it is at all possible. This
is a reason why no solutions of the asymmetric type star-triangle relation (2.1.8) (and no respective
classical H-type ABS equations) have been found at the elliptic level.
There are also many other limits of the form (3.1.14) which do not result in identities of the
form of the star-triangle relations (2.1.5), (2.1.8). Such cases are not considered to be integrable,
and some examples are given in Appendix B. The resulting classical quad equations obtained from
the saddle-point equation are still affine-linear, however do not have the 3D-consistency property.
Such examples suggest that the 3D-consistent equations will only arise from the specific form of the
star-triangle relations given in (2.1.5), (2.1.8). The equations in Appendix B may still be of interest
however, for example the triangle identity pictured in Figure 11 describes a deformation of an edge
of the Faddeev-Volkov models [6,23], into two different edges, which is an example of Z-invariance,
a property closely associated to integrability of the lattice model [9, 27].
3.2 Q3(δ=1) case
3.2.1 Star-triangle relation
Let the spins σ1, σ2, σ3 and spectral parameters θ1, θ3 take values
σi ∈ R , i = 1,2,3, 0 < θ1, θ3, θ1 + θ3 < η , (3.2.1)
where η is the crossing parameter defined in (3.1.2).
The star-triangle relation is given by [23]
∫
R
dσ0 S(σ0)W (θ1 ∣σ1, σ0)W (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ3, σ0)
= R(θ1, θ3)W (θ1 ∣σ2, σ3)W (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ1, σ2) ,
(3.2.2)
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where the Boltzmann weights are
W (θ ∣σi, σj) = Γh(σi + σj + iθ;b)
Γh(σi + σj − iθ;b)
Γh(σi − σj + iθ;b)
Γh(σi − σj − iθ;b) ,
W (θ ∣σi, σj) =W (η − θ ∣σi, σj) ,
(3.2.3)
and
S(σ) = 1
2
Γh(2σ − iη;b)Γh(−2σ − iη;b)
= 2 sinh(2piσb) sinh(2piσb−1) .
(3.2.4)
The normalisation is given by
R(θ1, θ3) = Γh(i(η − 2θ1);b)Γh(i(η − 2θ3);b)
Γh(i(η − 2(θ1 + θ3));b) . (3.2.5)
From (3.1.12), the asymptotics of the integrand of (3.2.2) are
O(e−4piη ∣σ0∣) , σ0 → ±∞ , (3.2.6)
and particularly the integral in (3.2.2) is absolutely convergent for the values (3.2.1).
The star-triangle relation (3.2.2) was originally obtained [23] as a hyperbolic limit of the elliptic
master solution of the star-triangle relation [7]. The connection to Q3(δ=1) was previously given
in [8]. In the hypergeometric function theory, (3.2.2) is equivalent to a univariate hyperbolic beta
integral formula [28]. The star-triangle relation (3.2.2), also arises as the r = 1 case of the lens
hyperbolic gamma function solution to the star-triangle relation, and corresponding hyperbolic beta
sum/integral formula [29].
For future reference, the integral on the left hand side of (3.2.2) will be denoted by
I14(θ1, θ3 ∣σ1, σ2, σ3) ∶= ∫C dσ ρ14(θ1, θ3 ∣σ1, σ2, σ3;σ) , (3.2.7)
where
ρ14(θ1, θ3 ∣σ1, σ2, σ3;σ) ∶= S(σ)W (θ1 ∣σ1, σ)W (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ3, σ) , (3.2.8)
and C is a deformation of R that separates the points iθ1±σ1+ibZ≥0+ib−1Z≥0, iθ3±σ3+ibZ≥0+ib−1Z≥0,
i(η−θ1−θ3)±σ2+ibZ≥0+ib−1Z≥0, from their negatives. The integral (3.2.7) is an analytic continuation
of (3.2.2), for general complex valued variables σ1, σ2, σ3, θ1, θ3. If
Re(θ1) ± Im(σ1) ,Re(θ3) ± Im(σ3) , η −Re(θ1 + θ3) ± Im(σ2) > 0 , (3.2.9)
the contour C can be chosen to be R.
3.2.2 Classical integrable equations
In the quasi-classical limit (3.1.7), the crossing parameter becomes
η → η0 = pi , (3.2.10)
so that the classical variables x1, x2, x3, α1, α3, take values
x1, x2, x3 ∈ R , 0 < α1, α3, α1 +α3 < pi . (3.2.11)
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However the variables x1, x2, x3, α1, α3, can in principle take more general complex values, inherited
from the analytic continuation that was described above for (3.2.7).
The Lagrangian function for this case is defined by
L(α ∣xi, xj) = Li2(−exi+xj+iα) + Li2(−exi−xj+iα) + Li2(−e−xi+xj+iα) + Li2(−e−xi−xj+iα)
− 2Li2(−eiα) + x2i + x2j − α
2
2
+ pi2
6
.
(3.2.12)
This satisfies the following relations
L(α ∣xi, xj) = L(α ∣xj , xi) , L(α ∣xi, xj) = −L(−α ∣xi, xj) . (3.2.13)
Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand (3.2.8) is
α21 + α23 + (pi −α1 −α3)2 − 4Li2(e−iα1) − 4Li2(e−iα3) − 4Li2(−ei(α1+α3))
2ih̵
+
Logρ14( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
) = (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(3.2.14)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = C(x0) + L(α1 ∣x0, x1) + L(α1 +α3 ∣x0, x2) +L(α3 ∣x0, x3) , (3.2.15)
and
L(α ∣xi, xj) = L(pi −α ∣xi, xj) ,
C(x) = 2piix sgn(Re(x)) . (3.2.16)
The saddle point three-leg equation (2.2.4) is then given by
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= ϕ(α1 ∣x1, x0) +ϕ(α1 +α3 ∣x2, x0) + ϕ(α3 ∣x3, x0) = 0 , (3.2.17)
where ϕ(α ∣xi, xj) is defined by
ϕ(α ∣xi, xj) = Log(1 + e−xi−xj+iα) + Log(1 + exi−xj+iα)
− Log(1 + exi+xj+iα) − Log(1 + e−xi+xj+iα) + 2xj + iα sgn(Re(xj)) , (3.2.18)
and
ϕ(α ∣xi, xj) = ϕ(pi − α ∣xi, xj) . (3.2.19)
Note that the function ϕ(α ∣xi, xj) is not symmetric upon the exchange of xi ↔ xj, and thus the
ordering of pairs of the variables x0, x1, x2, x3, appearing in arguments of ϕ(α ∣xi, xj), in (3.2.17),
needs to be taken into consideration.
The equation (3.2.17) is a three-leg form of Q3(δ=1), arising as the equation for the saddle point
of the star-triangle relation (3.2.2) in the limit (3.1.7). This was also previously obtained in [8].
With the following change of variables
x = − cosh(x0), u = cosh(x1), y = cosh(x2), v = cosh(x3),
α = e−iα1 , β = −e−i(α1+α3), (3.2.20)
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the exponential of the three-leg equation (3.2.17) may be written in the form
Q(x,u, y, v;α,β) = 0 , (3.2.21)
where
Q(x,u, y, v;α,β) =(α2 − 1)β(xu + yv) − (β2 − 1)α(xy + uv) + (α2 − β2)(xv + uy)
+ (α2 − 1)(β2 − 1)(α2 − β2)(4αβ)−1 . (3.2.22)
This is identified as Q3(δ=1) [5], which is an affine-linear quad equation that satisfies the 3D-
consistency condition exactly as defined in Section 2.
3.3 Q3(δ=0) case
3.3.1 Star-triangle relation
Let the variables σ1, σ2, σ3, and θ1, θ3, take values (3.2.1). The star-triangle relation is given in this
case by [6]
∫
R
dσ0W (θ1 ∣σ1, σ0)W (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ3, σ0)
= R(θ1, θ3)W (θ1 ∣σ2, σ3)W (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ1, σ2) ,
(3.3.1)
where the Boltzmann weights are
W (θ ∣σi, σj) = Γh(σi − σj + iθ;b)
Γh(σi − σj − iθ;b) ,
W (θ ∣σi, σj) =W (η − θ ∣σi, σj) ,
(3.3.2)
η is defined in (3.1.2), and the normalisation is given by
R(θ1, θ3) = Γh(i(η − 2θ1);b)Γh(i(η − 2θ3);b)
Γh(i(η − 2(θ1 + θ3));b) . (3.3.3)
From (3.1.12), the asymptotics of the integrand of (3.3.1) are
O(e−4piη ∣σ0∣) , σ0 → ±∞ , (3.3.4)
and particularly the integral in (3.3.1) is absolutely convergent for the values (3.2.1).
Equation (3.3.1) is the star-triangle relation for the Faddeev-Volkov model and was previously
shown to be connected to Q3(δ=0) and the Hirota difference equation [6,30]. Up to a change of vari-
ables, the star-triangle relation (3.3.1) is equivalent to a hyperbolic analogue of the nonterminating
Saalschu¨tz formula (equivalently hyperbolic analogue of Barnes’s second lemma), that was derived
as a limit of an 8-parameter hyperbolic hypergeometric function [21].
Now define
I6,Q(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ6,Q(θ1, θ3 ∣σ1, σ2, σ3;σ) , (3.3.5)
where
ρ6,Q(θ1, θ3 ∣σ1, σ2, σ3;σ) =W (θ1 ∣σ1, σ)W (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ3, σ) , (3.3.6)
and C is a deformation of R that separates the points iθ1+σ1+ibZ≥0+ib−1Z≥0, iθ3+σ3+ibZ≥0+ib−1Z≥0,
i(η−θ1−θ3)+σ2+ ibZ≥0+ ib−1Z≥0, from the points −iθ1+σ1− ibZ≥0− ib−1Z≥0, −iθ3+σ3− ibZ≥0− ib−1Z≥0,−i(η − θ1 − θ3) + σ2 − ibZ≥0 − ib−1Z≥0. For the values (3.2.9), the contour C may be chosen to be R.
The star-triangle relation (3.3.1), may be obtained from the following limit of (3.2.2) [23]:
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Proposition 3.1. For the values (3.2.9),
lim
κ→∞
e
4piηκ+2piη(σ1+σ3)−2piθ1(σ1−σ2)−2piθ3(σ3−σ2)I14(θ1, θ3 ∣σ1 + κ,σ2 + κ,σ3 + κ)
= I6,Q(θ1, θ3 ∣σ1, σ2, σ3) , (3.3.7)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7).
Proof. For the values (3.2.9), the contours of both I14, and I6,Q, may be chosen to be R. Following
a change of integration variable of σ → σ + κ in (3.2.7), by the asymptotics (3.2.6), (3.3.4), and
the asymptotic formula (3.1.12), the combination of the transformed integrand (3.2.8) and the
exponential factor on the left hand side of (3.3.7) is uniformly bounded on R, and the result follows
by dominated convergence.
The star-triangle relation (3.3.1) follows from Proposition 3.1, by using (3.1.12) to take the same
limit of the right hand side of (3.2.2).
3.3.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take values in (3.2.11). The Lagrangian function for
this case is defined by
L(α ∣xi, xj) = Li2(−exi−xj+iα) + Li2(−exj−xi+iα) − 2Li2(−eiα) + (xi − xj)2
2
. (3.3.8)
This satisfies the following relations
L(α ∣xi, xj) = L(α ∣xj , xi) , L(α ∣xi, xj) = −L(−α ∣xi, xj) . (3.3.9)
Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand (3.3.6) is
α21 + α23 + (pi −α1 −α3)2 − 4Li2(e−iα1) − 4Li2(e−iα3) − 4Li2(−ei(α1+α3))
2ih̵
+
Logρ6,Q( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
) = (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(3.3.10)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = L(α1 ∣x1, x0) + L(α1 +α3 ∣x2, x0) +L(α3 ∣x3, x0) , (3.3.11)
and
L(α ∣xi, xj) = L(pi − α ∣xi, xj) . (3.3.12)
The saddle point three-leg equation (2.2.4) is then given by
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= ϕ(α1 ∣x1, x0) +ϕ(α1 +α3 ∣x2, x0) + ϕ(α3 ∣x3, x0) = 0 , (3.3.13)
where ϕ(α ∣xi, xj), is defined by
ϕ(α ∣xi, xj) = Log(1 + exi−xj+iα) − Log(1 + exj−xi+iα) − xi + xj , (3.3.14)
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and
ϕ(α ∣xi, xj) = ϕ(η −α ∣xi, xj) . (3.3.15)
The equation (3.3.13) is a three-leg form of Q3(δ=0), arising as the equation for the saddle point
of the star-triangle relation (3.3.1) in the limit (3.1.7). This was also previously obtained in [6, 8].
With the following change of variables
x = −ex0 , u = ex1 , y = ex2 , v = ex3 , α = e−iα1 , β = −e−i(α1+α3), (3.3.16)
the exponential of the three-leg equation (3.3.13) may be written in the form
Q(x,u, y, v;α,β) = 0 , (3.3.17)
where
Q(x,u, y, v;α,β) = (α2 − 1)β(xu + yv) − (β2 − 1)α(xy + uv) + (α2 − β2)(xv + uy) . (3.3.18)
This is identified as Q3(δ=0) [5], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
3.4 H3(δ=1; ε=1) case
3.4.1 Star-triangle relation
Let the variables σ1, σ2, σ3, and θ1, θ3, take values (3.2.1). The star-triangle relation is given in this
case by
∫
R
dσ0 S(σ0)V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(3.4.1)
where the Boltzmann weights are
V (θ ∣σi, σj) = Γh(σi + σj + iθ;b)Γh(σi − σj + iθ;b) ,
V (θ ∣σi, σj) = V (η − θ ∣ − σi, σj) ,
W (θ ∣σi, σj) = Γh(σi + σj + i(η − θ);b)Γh(σi − σj + i(η − θ);b)
Γh(σi + σj − i(η − θ);b)Γh(σi − σj − i(η − θ);b) ,
W (θ ∣σi, σj) = Γh(σi − σj + iθ;b)
Γh(σi − σj − iθ;b) ,
(3.4.2)
η is defined in (3.1.2), and
S(σ) = 2 sinh(2piσb) sinh(2piσb−1) ,
R(θ) = Γh(i(η − 2θ);b) . (3.4.3)
From (3.1.12), the asymptotics of the integrand of (3.4.1) are
O(e−2pi(η−θ3−i(σ1−σ2))∣σ0∣) , σ0 → ±∞ , (3.4.4)
and particularly the integral in (3.4.1) is absolutely convergent for the values (3.2.1).
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The Boltzmann weights W (θ ∣σi, σj) and W (θ ∣σi, σj) appear also in (3.2.3) (Q3(δ=1) case), and
(3.3.2) (Q3(δ=0) case), respectively, while the Boltzmann weight V (θ ∣σi, σj) is not symmetric in the
exchange of spins σi ↔ σj , and generally has non-vanishing imaginary component.
The star-triangle relation (3.4.1) did not appear before, but up to a change of variables is
equivalent to a hyperbolic beta integral of Askey-Wilson type [28,31].
Define
I10(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ10(θ1, θ3 ∣σ1, σ2, σ3;σ) , (3.4.5)
where
ρ10(θ1, θ3 ∣σ1, σ2, σ3;σ) = S(σ)V (θ1 ∣σ1, σ)V (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ0, σ) , (3.4.6)
and C is a deformation of R separating the points iθ1 +σ1 + ibZ≥0+ ib−1Z≥0, iθ3 ±σ3+ ibZ≥0+ ib−1Z≥0,
i(η − θ1 − θ3) − σ2 + ibZ≥0 + ib−1Z≥0, from their negatives. If
Re(θ1) + Im(σ1) ,Re(θ3) ± Im(σ3) , η −Re(θ1 + θ3) − Im(σ2) > 0 , (3.4.7)
the contour C can be chosen to be R.
The star-triangle relation (3.4.1), may be obtained from the following limit of (3.2.2):
Proposition 3.2. For the values (3.2.9),
lim
κ→∞
(e4pi(η+θ3−i(σ1−σ2))κ+ipi(η(η−2(θ1+iσ1))−θ3(θ3+2θ1)−σ21+σ22+2iθ1(σ1−σ2)−2iθ3x2)
× I14(θ1 + iκ, θ3 ∣σ1 + κ,σ2 + κ,σ3)) = I10(θ1, θ3 ∣σ1, σ2, σ3) , (3.4.8)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7).
The proof is analogous to Proposition 3.1, without needing the change of variables of the in-
tegrand. By analytic continuation the domain of values may be extended to the values that are
permitted by the contour, as given by the conditions stated below (3.4.6). The star-triangle relation
(3.4.1) follows from Proposition 3.2, by using (3.1.12) to take the same limit of the right hand side
of (3.2.2).
3.4.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take values in (3.2.11). The Lagrangian functions for
this case are defined by
Λ(α ∣xi, xj) = Li2(−exi+xj+iα) + Li2(−exi−xj+iα) + (xi + iα)
2 + x2j
2
,
L(α ∣xi, xj) = Li2(exi+xj−iα) + Li2(exi−xj−iα) + Li2(e−xi+xj−iα) + Li2(e−xi−xj−iα)
− 2Li2(e−iα) + x2i + x2j − (pi −α)
2
2
+ pi2
6
.
(3.4.9)
The L(α ∣xi, xj) is equivalent to L(pi −α ∣xi, xj) from (3.2.12) (Q3(δ=1) case), and thus satisfies
L(α ∣xi, xj) = L(α ∣xj , xi) , L(pi +α ∣xi, xj) = −L(pi −α ∣xi, xj) . (3.4.10)
However Λ(α ∣xi, xj) does not satisfy such symmetries, and particularly the ordering of xi, xj in
Λ(α ∣xi, xj) needs to be taken into account.
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Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand (3.4.6) is
α23 − 2piα3 − 4Li2(e−iα3)
2ih̵
+ Logρ10( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
)
= (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(3.4.11)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = C(x0) +Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x0, x3) , (3.4.12)
and
Λ(α ∣xi, xj) = Λ(pi − α ∣ − xi, xj) ,
C(x) = 2piix sgn(Re(x)) . (3.4.13)
The saddle point three-leg equation (2.2.12) is then given by
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 +α3 ∣x2, x0) +ϕ(α3 ∣x3, x0) = 0 , (3.4.14)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = Log(1 + exi−xj+iα) − Log(1 + exi+xj+iα) + 2xj + pii sgn(Re(xj)) ,
ϕ(α ∣xi, xj) = Log(1 − exi−xj−iα) + Log(1 − e−xi−xj−iα) − Log(1 − exi+xj−iα) − Log(1 − exj−xi−iα) ,
(3.4.15)
and
φ(α ∣xi, xj) = φ(pi − α ∣ − xi, xj) . (3.4.16)
Equation (3.4.14) is a three-leg form of H3(δ=1; ε=1), arising as the equation for the saddle point
of the star-triangle relation (3.4.1) in the limit (3.1.7). With the following change of variables
x = − cosh(x0), v = cosh(x3), u = e−x1 , y = ex2 , α = e−iα1 , β = −e−i(α1+α3), (3.4.17)
the exponential of the three-leg equation (3.4.14) may be written in the form
H(x,u, y, v;α,β) = 0 , (3.4.18)
where
H(x,u, y, v;α,β) = 2(uv + xy)β − 2(yv + xu)α + uy(β2 − α2)(αβ)−1 − (α2 − β2) . (3.4.19)
This is identified as H3(δ=1; ε=1) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
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3.5 H3(δ=1; ε=1) case (alternate form)
3.5.1 Star-triangle relation
Let the variables σ1, σ2, σ3, and θ1, θ3, take values (3.2.1). The star-triangle relation is given in this
case by
∫
R
dσ0 V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(3.5.1)
where the Boltzmann weights are
V (θ ∣σi, σj) = Γh(σi + σj + iθ)Γh(σj − σi + iθ;b) ,
V (θ ∣σi, σj) = V (η − θ ∣σi,−σj) ,
W (θ ∣σi, σj) = Γh(σi − σj + i(η − θ);b)
Γh(σi − σj − i(η − θ);b) ,
W (θ ∣σi, σj) = Γh(σi + σj + iθ;b)Γh(σi − σj + iθ;b)
Γh(σi + σj − iθ;b)Γh(σi − σj − iθ;b) ,
(3.5.2)
η is defined in (3.1.2), and
R(θ) = Γh(i(η − 2θ);b) . (3.5.3)
From (3.1.12), the asymptotics of the integrand of (3.5.1) are
O(e−4piη ∣σ0∣) , σ0 → ±∞ , (3.5.4)
and particularly the integral in (3.5.1) is absolutely convergent for the values (3.2.1).
Similarly to the preceding case of H3(δ=1; ε=1) in (3.4.2), W (θ ∣σi, σj), and W (θ ∣σi, σj) appear
for (3.2.3) (Q3(δ=1) case), and (3.3.2) (Q3(δ=0) case), respectively, while the Boltzmann weight
V (θ ∣σi, σj) is not symmetric in the exchange of spins, and generally has a non-vanishing com-
plex imaginary component. There are only sign differences between the V (θ ∣σi, σj) here and the
V (θ ∣σi, σj) of the preceding case (3.4.2), while in the star-triangle relation (3.5.1), the Boltzmann
weights W (θ ∣σi, σj) and W (θ ∣σi, σj) are exchanged compared to (3.4.1); this results in a different
three-leg form from (3.4.14), which however corresponds to the same quad equation H3(δ=1; ε=1) (up
to relabelling of variables).
The star-triangle relation (3.5.1) did not appear before, but up to a change of variables is
equivalent to a hyperbolic analogue of the nonterminating Saalschu¨tz formula [21] (equivalently
hyperbolic analogue of Barnes’s second lemma). This is the same hypergeometric equation that
corresponds to (3.3.1) (Q3(δ=0) case), but with a different change of variables.
Define
I6,H(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ6,H(θ1, θ3 ∣σ1, σ2, σ3;σ) , (3.5.5)
where
ρ6,H(θ1, θ3 ∣σ1, σ2, σ3;σ) = V (θ1 ∣σ1, σ)V (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ,σ3) , (3.5.6)
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and the contour C is a deformation of R, separating the points i(η − θ1 − θ3) ± σ2 + ibZ≥0 + ib−1Z≥0,
iθ3 + σ3 + ibZ≥0 + ib−1Z≥0, from the points −iθ1 ± σ1 − ibZ≥0 − ib−1Z≥0, −iθ3 − σ3 − ibZ≥0 − ib−1Z≥0. If
Re(θ1) ± Im(σ1) ,Re(θ3) + Im(σ3) , η −Re(θ1 + θ3) ± Im(σ2) > 0 , (3.5.7)
the contour C can be chosen to be R.
The star-triangle relation (3.5.1), may be obtained from the following limit of (3.2.2):
Proposition 3.3. For the values (3.2.9),
lim
κ→∞
e
4piηκ+ipi(η(η−2(θ1+iσ3))−θ3(θ3+2(θ1−iσ3))−σ21+σ22)I14(θ1 + iκ, θ3 ∣σ1, σ2, σ3 + κ)
= I6,H(θ1, θ3 ∣σ1, σ2, σ3) , (3.5.8)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7).
The steps of the proof of Proposition 3.3 are analogous to the respective steps for Proposition
3.1. The star-triangle relation (3.5.1) follows from Proposition 3.3, by using (3.1.12) to take the
same limit of the right hand side of (3.2.2).
3.5.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take values in (3.2.11). The Lagrangian functions for
this case are defined by
Λ(α ∣xi, xj) = Li2(−exi+xj+iα) + Li2(−exj−xi+iα) + (xj + iα)2
2
,
L(α ∣xi, xj) = Li2(exi−xj−iα) + Li2(exj−xi−iα) − 2Li2(e−iα) + (xi − xj)2
2
.
(3.5.9)
The L(α ∣xi, xj) is equivalent to L(pi −α ∣xi, xj) from (3.3.8) (Q3(δ=0) case) , and thus satisfies
L(α ∣xi, xj) = L(α ∣xj , xi) , L(α ∣xi, xj) = −L(−α ∣xi, xj) . (3.5.10)
The Λ(α ∣xi, xj) does not satisfy the above symmetries, and particularly the ordering of xi, xj in
Λ(α ∣xi, xj) needs to be taken into account.
Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand (3.5.6) is
α23 − 2piα3 − 4Li2(e−iα3) − x21 − x22
2ih̵
+ Logρ6,H( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
)
= (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(3.5.11)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x0, x3) , (3.5.12)
and
Λ(α ∣xi, xj) = Λ(pi − α ∣xi,−xj) . (3.5.13)
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The saddle point three-leg equation (2.2.12) is then given by
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 +α3 ∣x2, x0) +ϕ(α3 ∣x3, x0) = 0 , (3.5.14)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = −Log(1 + exi+xj+iα) − Log(1 + exj−xi+iα) + 2xj + iα ,
ϕ(α ∣xi, xj) = −Log(1 − exj−xi−iα) + Log(1 − exi−xj−iα) − xi − xj , (3.5.15)
and
φ(α ∣xi, xj) = −φ(pi −α ∣xi,−xj) . (3.5.16)
Equation (3.5.14) is a three-leg form of H3(δ=1; ε=1) (different from (3.4.14)), arising as the
equation for the saddle point of the star-triangle relation (3.5.1) in the limit (3.1.7). With the
following change of variables
u = cosh(x1), y = cosh(x2), x = −e−x0 , v = ex3 , α = e−iα1 , β = e−i(α1+α3), (3.5.17)
the exponential of the three-leg equation (3.5.14) may be written in the form
H(x,u, y, v;α,β) = 0 , (3.5.18)
where
H(x,u, y, v;α,β) = 2(uv + xy)β − 2(yv + xu)α + xv(β2 −α2)(αβ)−1 − (α2 − β2) . (3.5.19)
This is identified as H3(δ=1; ε=1) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
3.6 H3(δ=0,1; ε=1−δ) case
3.6.1 Star-triangle relation
Let the variables σ1, σ2, σ3, and θ1, θ3, take values (3.2.1). The star-triangle relation is given in this
case by
∫
R
dσ0 S(σ0)V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (η − θ3 ∣σ0, σ3)
= R(θ1, θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(3.6.1)
where the Boltzmann weights are
V (θ ∣σi, σj) = eB(iθ+σi−σj)+B(iθ+σj−σi)+B(iθ−σi−σj)Γh(σi + σj + iθ;b) ,
V (θ ∣σi, σj) = 1
V (−(η − θ) ∣σi, σj) ,
W (θ ∣σi, σj) = e−2piθ(σi+σj)Γh(σi − σj + iθ;b)
Γh(σi − σj − iθ;b) ,
(3.6.2)
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η is defined in (3.1.2),
B(z) ∶= pii
2
B2,2(iz + η;b,b−1) , (3.6.3)
where B2,2(z;ω1, ω2) is defined in (3.1.13), and
S(σ) = e4piησ ,
R(θ1, θ3) = eB(i(η−2θ1))−B(i(η−2(θ1+θ3)))Γh(i(η − 2θ3);b) . (3.6.4)
In (3.6.2), the Boltzmann weight W (θ ∣σi, σj) is the same as for (3.3.2) (Q3(δ=0) case), up to the
additional exponential factor.
From (3.1.12), the asymptotics of the integrand of (3.6.1) are
O(e4piησ0) , σ0 → −∞ ,
O(e−2pi(η−θ3+i(σ1−σ2))σ0) , σ0 → +∞ , (3.6.5)
and particularly the integral in (3.6.1) is absolutely convergent for the values (3.2.1).
Note that the Boltzmann weights in (3.6.2) have additional factors of B(z) defined in (3.6.3),
whereas in the previous cases it always happened that these additional exponential terms (which
come from the asymptotic relation (3.1.12)) completely cancelled out of the star-triangle relation.
The star-triangle relation (3.6.1) previously appeared in the Appendix of [18], as a limiting case
of (3.3.1). It seems that the star-triangle relation (3.6.1) did not appear before in the hypergeometric
integral theory, but it may be interpreted as a hyperbolic analogue of an integral formula of Barnes,
known as Barnes’s first lemma [11] (for the star-triangle relation corresponding to the latter, see
(4.6.1) for the H2(ε=0) case).
Define
I4(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ4(θ1, θ3 ∣σ1, σ2, σ3;σ) , (3.6.6)
where
ρ4(θ1, θ3 ∣σ1, σ2, σ3;σ) = S(σ)V (θ1 ∣σ1, σ)V (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ,σ3) , (3.6.7)
and the contour C is a deformation of R, separating the points iθ3 + σ3 + ibZ≥0 + ib−1Z≥0, i(η − θ1 −
θ3) − σ2 + ibZ≥0 + ib−1Z≥0, from the points −iθ3 + σ3 − ibZ≥0 − ib−1Z≥0, −iθ1 − σ1 − ibZ≥0 − ib−1Z≥0. If
Re(θ1) + Im(σ1) ,Re(θ3) ± Im(σ3) , η −Re(θ1 + θ3) − Im(σ2) > 0 , (3.6.8)
the contour C can be chosen to be R.
The star-triangle relation (3.6.1), may be obtained from the following limit of (3.2.2):
Proposition 3.4. For the values (3.2.9),
lim
κ→∞
e
4pi(2η+θ3−i(σ1−σ2))κI14(θ1 + 2iκ, θ3 ∣σ1 + κ,σ2 + κ,σ3 + κ) = I4(θ1, θ3 ∣σ1, σ2, σ3) , (3.6.9)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7).
The steps of the proof of Proposition 3.4, are analogous to the respective steps for Proposition
3.1. The star-triangle relation (3.6.1) follows from Proposition 3.4, by using (3.1.12) to take the
same limit of the right hand side of (3.2.2).
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3.6.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take values in (3.2.11). The Lagrangian functions for
this case are defined by
Λ(α ∣xi, xj) = Li2(−exi+xj+iα) + i(xi + xj)α + x2i + x2j − α
2
2
+ pi2
6
,
L(α ∣xi, xj) = Li2(−exi−xj+iα) + Li2(−exj−xi+iα) − 2Li2(−eiα) + (xi − xj)2
2
.
(3.6.10)
These functions are all symmetric in xi, xj , satisfying
Λ(α ∣xi, xj) = Λ(α ∣xj , xi) , Λ(α ∣xi, xj) = Λ(α ∣xj , xi) , L(α ∣xi, xj) = L(α ∣xj , xi) , (3.6.11)
while L(α ∣xi, xj) (related to (3.3.8)) also satisfies
L(α ∣xi, xj) = −L(−α ∣xi, xj) . (3.6.12)
Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand (3.6.7) is
ix1(pi − α1) + ix2(α1 + α3) + i(x3 + iα3)(pi −α3) + α1(pi +α3) − 2Li2(e−iα3) − pi26
ih̵
+
Logρ4( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
) = (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(3.6.13)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x3, x0) , (3.6.14)
and
Λ(α ∣xi, xj) = −Λ(−(pi − α) ∣xi, xj) , L(α ∣xi, xj) = L(pi −α ∣xi, xj) . (3.6.15)
The saddle point three-leg equation (2.2.12) is then given by
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 +α3 ∣x2, x0) +ϕ(α3 ∣x3, x0) = 0 , (3.6.16)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = −Log(1 + exi+xj+iα) + xj ,
ϕ(α ∣xi, xj) = −Log(1 − exj−xi−iα) + Log(1 − exi−xj−iα) − xi + iα , (3.6.17)
and
φ(α ∣xi, xj) = −φ(pi −α ∣ − xi,−xj) + xi + iα . (3.6.18)
Equation (3.6.16) represents a three-leg form for either H3(δ=1; ε=0), or H3(δ=0; ε=1), arising as
the equation for the saddle point of the star-triangle relation (3.6.1) in the limit (3.1.7). With the
following change of variables
x = −ex0 , u = ex1 , y = ex2 , v = ex3 , α = e−iα1 , β = −e−i(α1+α3), (3.6.19)
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the exponential of the three-leg equation (3.6.16) may be written in the form
H(x,u, y, v;α,β) = 0 , (3.6.20)
where
H(x,u, y, v;α,β) = (uv + xy)β − (yv + xu)α − (α2 − β2) . (3.6.21)
Similarly, with the following change of variables
x = −ex0 , u = e−x1 , y = e−x2 , v = ex3 , α = eiα1 , β = −ei(α1+α3), (3.6.22)
the exponential of the three-leg equation (3.6.16) may be written in the form (3.6.20), where
H(x,u, y, v;α,β) = (uv + xy)β − (yv + xu)α + uy(β2 −α2)(αβ)−1 . (3.6.23)
The above equations (3.6.20), with (3.6.21), and (3.6.23), are respectively identified as H3(δ=1; ε=0),
andH3(δ=1; ε=0) [10], which are affine-linear quad equations that satisfy the 3D-consistency condition
exactly as defined in Section 2. Thus the same three-leg saddle point equation (3.6.16), corresponds
to both of the respective cases of H3(δ=1; ε=0), and H3(δ=0; ε=1). This can be expected, since equation
(3.6.20) with one of (3.6.21), (3.6.23), is straightforwardly transformed into the other equation, and
vice versa, simply by setting u→ u−1, y → y−1, α → α−1, β → β−1.
3.7 H3(δ=0; ε=0) case
3.7.1 Star-triangle relation
Let the variables σ1, σ2, σ3, and θ1, θ3, take values (3.2.1). The star-triangle relation is given in this
case by
∫
R
dσ0 V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (η − θ3 ∣σ3, σ0)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(3.7.1)
where the Boltzmann weights are
V (θ ∣σi, σj) = e2piiσiσj ,
V (θ ∣σi, σj) = 1
V (θ ∣σi, σj) ,
W (θ ∣σi, σj) = Γh(σi − σj + iθ;b)
Γh(σi − σj − iθ;b) ,
(3.7.2)
η is defined in (3.1.2), and
R(θ3) = Γh(i(η − 2θ3);b) , (3.7.3)
From (3.1.12), the asymptotics of the integrand of (3.7.1) are
O(e−2pi(η−θ3) ∣σ0∣−2pii(σ1−σ2)σ0) , σ0 → ±∞ , (3.7.4)
and particularly the integral in (3.7.1) is absolutely convergent for the values (3.2.1).
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In (3.7.2), the Boltzmann weight W (θ ∣σi, σj) is the same as the Boltzmann weight for (3.3.2)
(Q3(δ=0) case). The Boltzmann weight V (θ ∣σi, σj) clearly has no θ dependency, thus (3.7.1) is in-
dependent of θ1. The Boltzmann weight V (θ ∣σi, σj) is also obviously symmetric upon the exchange
σi ↔ σj .
The star-triangle relation (3.7.1) has not appeared before, however it is interestingly equivalent
(up to a change of variables) to a “self-duality” property for the Boltzmann weight W (θ ∣σi, σj) of
the Faddeev-Volkov model [6, 30]. It also appears not to have previously been considered in the
hypergeometric integral theory, however it can be considered to be a hyperbolic analogue of a special
case of Barnes’s integral formula for the hypergeometric function 2F1 [11] (the latter is equivalent
to the alternate form of the star-triangle relation corresponding to H1(ε=1) in (5.2.1)).
Define
I2(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ2(θ1, θ3 ∣σ1, σ2, σ3;σ) , (3.7.5)
where
ρ2(θ1, θ3 ∣σ1, σ2, σ3;σ) = V (θ1 ∣σ1, σ)V (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ,σ3) , (3.7.6)
and the contour C is a deformation of R, which separates the points iθ3 + σ3 + ibZ≥0 + ib−1Z≥0, from
the points −iθ3 + σ3 − ibZ≥0 − ib−1Z≥0. If
Re(θ3) ± Im(σ3) > 0 , (3.7.7)
the contour C can be chosen to be R.
The star-triangle relation (3.7.1), may be obtained from the following limit of (3.2.2):
Proposition 3.5. For the values (3.2.9),
lim
κ→∞
(e2pi(3η+θ3−i(σ1−σ2))κ+ipi(η(η−2(θ1+i(σ1+σ3)))−θ3(θ3+2θ1)−σ21+σ22+iθ1(σ1−σ2)+iθ3(σ3−σ2))
× I14(θ1 + iκ, θ3 ∣σ1 + κ,σ2 + κ,σ3 + κ)) = I2(θ1, θ3 ∣σ1, σ2, σ3) , (3.7.8)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7).
The steps of the proof of Proposition 3.5, are analogous to the respective steps for Proposition
3.1. The star-triangle relation (3.7.1) follows from Proposition 3.5, by using (3.1.12) to take the
same limit of the right hand side of (3.2.2).
3.7.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take values in (3.2.11). The Lagrangian functions for
this case are defined by
Λ(α ∣xi, xj) = −xixj ,
L(α ∣xi, xj) = Li2(−exi−xj+iα) + Li2(−exj−xi+iα) − 2Li2(−eiα) + (xi − xj)2
2
.
(3.7.9)
These functions are each symmetric in xi, xj , satisfying
L(α ∣xi, xj) = L(α ∣xj , xi) , Λ(α ∣xi, xj) = Λ(α ∣xj , xi) , (3.7.10)
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while L(α ∣xi, xj) (equivalent to (3.3.8)) also satisfies
L(α ∣xi, xj) = −L(−α ∣xi, xj) . (3.7.11)
Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand (3.7.6) is
(pi − α3)2 − pi23 − 4Li2(e−iα3)
2ih̵
+ Logρ2( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
)
= (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(3.7.12)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x0, x3) , (3.7.13)
and
Λ(α ∣xi, xj) = −Λ(α ∣xi, xj) , L(α ∣xi, xj) = L(pi −α ∣xi, xj) . (3.7.14)
The saddle point three-leg equation (2.2.12) is then given by
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 +α3 ∣x2, x0) +ϕ(α3 ∣x3, x0) = 0 , (3.7.15)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = −xi , ϕ(α ∣xi, xj) = Log(1 − exi−xj−iα) − Log(1 − exj−xi−iα) − xi + xj , (3.7.16)
and
φ(α ∣xi, xj) = −φ(α ∣xi, xj) . (3.7.17)
Equation (3.7.15) is a three-leg form of H3(δ=0; ε=0), arising as the equation for the saddle point
of the star-triangle relation (3.7.1) in the limit (3.1.7). With the following change of variables
x = −ex0 , u = ex1 , y = ex2 , v = ex3 , α = e−iα1 , β = −e−i(α1+α3), (3.7.18)
the exponential of the three-leg equation (3.7.15) may be written in the form
H(x,u, y, v;α,β) = 0 , (3.7.19)
where
H(x,u, y, v;α,β) = (uv + xy)β − (yv + xu)α . (3.7.20)
This is identified as H3(δ=0; ε=0) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
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4 Rational cases
The rational limit of each solution of the star-triangle relation of the previous section respectively
(except for the H3(δ=0,ε=0) case of (3.7.1)), results in different solutions of the star-triangle relations
(2.1.5), (2.1.8), which have Boltzmann weights given in terms of products of the Euler gamma
function Γ(z). Notably the Boltzmann weights of the Q-type equations obtained in the rational
limit, will no longer satisfy the spin reflection symmetry, or have a physical regime where the
Boltzmann weights take positive values. This is a side-effect of needing to break the symmetry of
the integrand in (2.1.5) in order to have a convergent limit. The quasi-classical expansion of the
star-triangle relations obtained at the rational level in this Section, will specifically result in the Q2,
Q1(δ=1), H2(ε=1), H2(ε=0), classical integrable quad equations (see Figure 9).
4.1 Euler Gamma function
The central function at the rational level is the classical Euler gamma function Γ(z), which may be
defined by the integral
Γ(z) = ∫ ∞
0
dt tz−1e−t , Re(z) > 0 . (4.1.1)
The gamma function satisifies the well-known functional equation
Γ(1 + z) = zΓ(z) , (4.1.2)
through which (4.1.1) may be analytically continued to C −Z≤0.
The gamma function satisfies the following formula for large z
LogΓ(z) = γ(−iz) − Log(z)
2
− z + Log(2pi)
2
+O(z−1) , ∣ z ∣→∞, ∣Arg(z) ∣ < pi , (4.1.3)
where the function γ(z) is defined by
γ(z) = izLog(iz) , ∣Arg(iz) ∣ < pi . (4.1.4)
Equation (4.1.3) is known as the Stirling formula.
The quasi-classical expansion will specifically involve scaling the spins and spectral parameters
appearing in a star-triangle relation (2.1.5), (2.1.8), by a parameter h̵−1 > 0, as follows
σi = xih̵−1, i = 0,1,2,3, θj = αj h̵−1, j = 1,3 h̵→ 0 . (4.1.5)
Then as h̵ approaches zero, the quasi-classical expansion of the Boltzmann weights will be obtained
through the use of (4.1.3).
As b → 0, the Euler gamma function (4.1.1) is related to the hyperbolic gamma function (3.1.1),
by [22,25]
LogΓh(zb ± i(2b)−1;b) = (iz ∓ 12)Log(2(pib2)−1) ± Log(b) ± LogΓ(12 ± iz) +O(b) , (4.1.6)
where ∣Arg(iz) ∣ < pi, and either the + or − sign can be taken. The asymptotics (4.1.6) will be used
to relate the star-triangle relations of this Section, to the star-triangle relations of the hyperbolic
cases appearing in Section 3. The specific limit will involve the following change of variables in
(2.1.5), (2.1.8)
σi → σib , i = 0,1,3 , σ2 → (σ2 − ipi)b + iη , θj → θjb , j = 1,3 , (4.1.7)
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and taking b → 0. The resulting limits between the star-triangle relations at the hyperbolic and
rational levels, is summarised in the diagram of Figure 9. Note also that there is no analogue of
the crossing parameter η in (3.1.2), for the rational cases that are obtained from the limit (4.1.7)
(essentially the rational limit (4.1.7) involves taking η →∞).
Hyperbolic
Rational
Q3(δ=1)
(3.2.2)
H3(δ=1; ε=1)
(3.4.1), (3.5.1)
H3(δ=0,1; ε=1−δ)
(3.6.1)
Q3(δ=0)
(3.3.1)
Q2
(4.2.2)
H2(ε=1)
(4.4.1), (4.5.1)
Q1(δ=1)
(4.3.1)
H2(ε=0)
(4.6.1)
Figure 9: Star-triangle relations corresponding to respective integrable quad equations Q2, Q1(δ=1), H2(ε=1),
H2(ε=0), at the rational level, obtained as the limits (4.1.7) of the hyperbolic cases of the previous section.
Note that (4.1.7) is not a convergent limit for the star-triangle relation (3.7.1) (H3(δ=0; ε=0) case).
4.2 Q2 case
4.2.1 Star-triangle relation
Let the spins σ1, σ2, σ3, and spectral parameters θ1, θ3 take values
σi ∈ R , i = 1,2,3 , 0 < θ1, θ3, θ1 + θ3 < pi , j = 1,3 . (4.2.1)
The star-triangle relation is given by [8]
∫
R
dσ0 S(σ0)W (θ1 ∣σ1, σ0)W (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ1, θ3)W (θ1 ∣σ2, σ3)W (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) .
(4.2.2)
where the Boltzmann weights are
W (θ ∣σi, σj) = Γ(pi + i(σi + σj) − θ)Γ(pi + i(σi − σj) − θ)
Γ(pi + i(σi + σj) + θ)Γ(pi + i(σi − σj) + θ) ,
W (θ ∣σi, σj) = Γ(θ + i(σi + σj))Γ(θ + i(σi − σj))Γ(θ − i(σi + σj))Γ(θ − i(σi − σj)) ,
(4.2.3)
and
S(σ) = 1
4pi Γ(2iσ)Γ(−2iσ) , R(θ1, θ3) =
Γ(2θ1)Γ(2θ3)
Γ(2(θ1 + θ3)) . (4.2.4)
The Boltzmann weights satisfy the following relations
W (θ ∣σi, σj)W (−θ ∣σi, σj) = 1 , W (θ ∣σi, σj) =W (θ ∣σj , σi) . (4.2.5)
While the Boltzmann weight W (θ ∣σi, σj) is real for the values (4.2.1), the Boltzmann weight
W (θ ∣σi, σj) generally has Im(W (θ ∣σi, σj)) ≠ 0.
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From (4.1.3), the asymptotics of the integrand of (4.2.2) are
O(e−2pi ∣σ0∣) , σ0 → ±∞ , (4.2.6)
and particularly the integral in (4.2.2) is absolutely convergent for the values (4.2.1).
Since σ2 is shifted by σ2 + iη in (4.1.7), the rational limit results in the two different types of
Boltzmann weights appearing in (4.2.3). The pi terms that appear in the arguments of Γ(z) in
W (θ ∣σi, σj), can in fact be replaced by an arbitrary positive number ζ > 0, then the star-triangle
relation (4.2.2) remains satisfied with 0 < θ1, θ3, θ1 + θ3 < ζ. This change is equivalent to taking a
slightly different form of rational limit (4.1.7). Unlike other star-triangle relations (3.2.2), (3.3.1)
(and (5.1.2)) for the Q-type equations, the Boltzmann weights W (θ ∣σi, σj) and W (θ ∣σi, σj) are
not related by the crossing symmetry W (θ ∣σi, σj) =W (η − θ ∣σi, σj), for a crossing parameter η.
The star-triangle relation (4.2.2) and connection to Q2 previously appeared in [8].4 Up to a
change of variables, the star-triangle relation (4.2.2) is equivalent to a gamma function integration
formula given by Askey [32], which may in turn be interpreted as an integral analogue of the Dougall
summation formula.
Define
I14,r(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσρ14,r(θ1, θ3 ∣σ1, σ2, σ3;σ) , (4.2.7)
where
ρ14,r(θ1, θ3 ∣σ1, σ2, σ3;σ) = S(σ0)W (θ1 ∣σ1, σ0)W (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ3, σ0) , (4.2.8)
and the contour C is a deformation of R, that separates the points iθ1 ± σ1 + iZ≥0, iθ3 ± σ3 + iZ≥0,
i(pi−θ1−θ3)+σ2+ iZ≥0, from their negatives. Then the star-triangle relation (4.2.2), may be obtained
from the following limit of (3.2.2) (Q3(δ=1) case):
Proposition 4.1. For the values (3.2.9),
lim
b→0+
2(2pib)6
b2
I14(θ1b, θ3b ∣σ1b, (σ2 − ipi)b + iη,σ3b) = I14,r(θ1, θ3 ∣σ1, σ2, σ3) , (4.2.9)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7).
Proof. For the values (3.2.9), the contour in I14 may be chosen to be R. Following a change of
integration variable σ → σb in (3.2.7), by the asymptotics (3.2.6), (4.2.6), and the asymptotic
formula (4.1.6), the combination of the factors and the integrand on the left hand side of (4.2.9) is
uniformly bounded on R, and the result follows by dominated convergence (by analytic continuation
the domain of values may be extended to the values that are permitted by the contour, as given by
the conditions below (4.2.8)).
The star-triangle relation (4.2.2) follows from Proposition 4.1, by using (4.1.6) to take the same
limit of the right hand side of (3.2.2).
4 Note that there is a typo in [8] where the pi terms were omitted from the arguments of Γ(z) for the Boltzmann
weight W (θ ∣σi, σj) (and similarly for W (θ ∣σi, σj) in (4.3.2)).
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4.2.2 Classical integrable equations
The classical variables x1, x2, x3, α1, α3, take the values
xi ∈ R , 0 < α1, α3 . (4.2.10)
The Lagrangian functions for this case are defined in terms of (4.1.4) as
L(α ∣xi, xj) = γ(xi + xj + iα) + γ(xi − xj + iα) − γ(xi + xj − iα) − γ(xi − xj − iα) ,
L(α ∣xi, xj) = γ(xi + xj − iα) + γ(xi − xj − iα) + γ(−xi + xj − iα) + γ(−xi − xj − iα) − γ(−2iα) .
(4.2.11)
These functions satisfy
L(α ∣xi, xj) = −L(−α ∣xi, xj) , L(α ∣xi, xj) = L(α ∣xj , xi) . (4.2.12)
Using the asymptotics (4.1.3), the leading order O(h̵−1) quasi-classical expansion (4.1.5) of the
integrand (4.2.8) is
Log (h̵−3ρ14,r(α1h̵−1, α3h̵−1 ∣x1h̵−1, x2h̵−1, x3h̵−1;x0h̵−1)) = h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(4.2.13)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = C(x0) + L(α1 ∣x1, x0) + L(α1 +α3 ∣x2, x0) +L(α3 ∣x0, x3) , (4.2.14)
and
C(x) = 2ix(Log(−2ix) − Log(2ix)) . (4.2.15)
The saddle point three-leg equation (2.2.4) is then given by
1
i
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= ϕ(α1 ∣x1, x0) +ϕ(α1 +α3 ∣x2, x0) +ϕ(α3 ∣x3, x0) = 0 , (4.2.16)
where ϕ(α ∣xi, xj), is defined by
ϕ(α ∣xi, xj) = Log(i(xi + xj) −α) + Log(i(xi − xj) +α)
−Log(i(xi + xj) +α) − Log(i(xi − xj) −α) , (4.2.17)
and ϕ(α ∣xi, xj), is defined by
ϕ(α ∣xi, xj) = Log(α + i(xi + xj)) + Log(α − i(xi − xj)) − Log(α − i(xi + xj))
−Log(α + i(xi − xj)) − piiSign(Re(xj)). (4.2.18)
The equation (4.2.16) is a three-leg form of Q2, arising as the equation for the saddle point of
the star-triangle relation (4.2.2) in the limit (4.1.5). This was also previously obtained in [8]. With
the following change of variables
x = x20, u = x21, y = x22, v = x23, α = −iα1, β = −i(α1 + α3), (4.2.19)
the exponential of the three-leg equation (4.2.16) may be written in the form
Q(x,u, y, v;α,β) = 0 , (4.2.20)
where
Q(x,u, y, v;α,β) = α(x − y)(u − v) − β(x − u)(y − v) +αβ(α − β)(x + u + y + v − α2 − β2 +αβ).
(4.2.21)
This is identified as Q2 [5], an affine-linear quad equation that satisfies the 3D-consistency condition
exactly as defined in Section 2.
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4.3 Q1(δ=1) case
4.3.1 Star-triangle relation
Let the spins σ1, σ2, σ3, and spectral parameters θ1, θ3 take values (4.2.1). The star-triangle relation
is given in this case by [8]
∫
R
dσ0W (θ1 ∣σ1, σ0)W (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ1, θ3)W (θ1 ∣σ2, σ3)W (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(4.3.1)
where the Boltzmann weights are
W (θ ∣σi, σj) = Γ(pi + i(σi − σj) − θ)
Γ(pi + i(σi − σj) + θ) ,
W (θ ∣σi, σj) = Γ(θ + i(σi − σj))Γ(θ − i(σi − σj)) ,
(4.3.2)
and the normalisation is given by
R(θ1, θ3) = 2pi Γ(2θ1)Γ(2θ3)
Γ(2(θ1 + θ3)) . (4.3.3)
The Boltzmann weights satisfy the following relations
W (θ ∣σi, σj)W (−θ ∣σi, σj) = 1 , W (θ ∣σi, σj) =W (θ ∣σj , σi) . (4.3.4)
While the Boltzmann weight W (θ ∣σi, σj) is real for the values (4.2.1), the Boltzmann weight
W (θ ∣σi, σj) in general has Im(W (θ ∣σi, σj)) ≠ 0.
From (4.1.3), the asymptotics of the integrand of (4.3.1) are
O(e−2pi ∣σ0∣) , σ0 → ±∞ , (4.3.5)
and particularly the integral in (4.3.1) is absolutely convergent for the values (4.2.1).
The star-triangle relation (4.3.1) and connection toQ1(δ=1) previously appeared in [8].5 The star-
triangle relation (4.3.1) is also up to a change of variables equivalent to Barnes’s second Lemma [12],
which may in turn be interpreted [33] as an integral analogue of the Saalschu¨tz summation formula.
Define
I6,Q,r(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ6,Q,r(θ1, θ3 ∣σ1, σ2, σ3;σ) , (4.3.6)
where
ρ6,Q,r(θ1, θ3 ∣σ1, σ2, σ3;σ) =W (θ1 ∣σ1, σ)W (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ3, σ) , (4.3.7)
and the contour C is a deformation of R, separating the points iθ1 + σ1 + iZ≥0, iθ3 + σ3 + iZ≥0, from
the points −iθ1 +σ1 − iZ≥0, −iθ3 +σ3 − iZ≥0, −i(pi − θ1 − θ3)+σ2 − iZ≥0. Then the star-triangle relation
(4.3.1), may be obtained from the limit (4.1.7) of (3.3.1) (Q3(δ=0) case):
Proposition 4.2. For the values (3.2.9),
lim
b→0+
(2pib)4
b2
I6,Q(θ1b, θ3b ∣σ1b, (σ2 − ipi)b + iη,σ3b) = I6,Q,r(θ1, θ3 ∣σ1, σ2, σ3) , (4.3.8)
where I6,Q(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.3.5).
The steps of the proof of Proposition 4.2, are analogous to the respective steps for Proposition
4.1. The star-triangle relation (4.3.1) follows from Proposition 4.2, by using (4.1.6) to take the same
limit of the right hand side of (3.3.1).
5See footnote 4.
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4.3.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take the values given in (4.2.10). The Lagrangian
functions for this case are defined in terms of (4.1.4) as
L(α ∣xi, xj) = γ(xi − xj + iα) − γ(xi − xj − iα) ,
L(α ∣xi, xj) = γ(xi − xj − iα) + γ(xj − xi − iα) − γ(−2iα) . (4.3.9)
These functions satisfy
L(α ∣xi, xj) = −L(−α ∣xi, xj) , L(α ∣xi, xj) = L(α ∣xj , xi) . (4.3.10)
Using the asymptotics (4.1.3), the leading order O(h̵−1) quasi-classical expansion (4.1.5) of the
integrand (4.3.7) is
Log (h̵−2ρ6,r(α1h̵−1, α3h̵−1 ∣x1h̵−1, x2h̵−1, x3h̵−1;x0h̵−1)) = h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(4.3.11)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = L(α1 ∣x1, x0) + L(α1 +α3 ∣x2, x0) +L(α3 ∣x0, x3) . (4.3.12)
The saddle point three-leg equation (2.2.4) is then given by
1
i
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= ϕ(α1 ∣x1, x0) +ϕ(α1 +α3 ∣x2, x0) +ϕ(α3 ∣x0, x3) = 0 , (4.3.13)
where ϕ(α ∣xi, xj), is defined by
ϕ(α ∣xi, xj) = Log(i(xi − xj) +α) − Log(i(xi − xj) −α) , (4.3.14)
and ϕ(α ∣xi, xj), is defined by
ϕ(α ∣xi, xj) = Log(α − i(xi − xj)) − Log(α + i(xi − xj)) . (4.3.15)
The equation (4.3.13) is a three-leg form of Q1(δ=1), arising as the equation for the saddle point
of the star-triangle relation (4.3.1) in the limit (4.1.5). This was also previously obtained in [8].
With the following change of variables
x = x0, u = x1, y = x2, v = x3, α = −iα1, β = −i(α1 + α3), (4.3.16)
the exponential of the three-leg equation (4.3.13) may be written in the form
Q(x,u, y, v;α,β) = 0 , (4.3.17)
where
Q(x,u, y, v;α,β) = α(x − y)(u − v) − β(x − u)(y − v) + (α − β)αβ . (4.3.18)
This is identified as Q1(δ=1) [5], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
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4.4 H2(ε=1) case
4.4.1 Star-triangle relation
Let the spins σ1, σ2, σ3, and spectral parameters θ1, θ3 take values (4.2.1). The star-triangle relation
is given in this case by
∫
R
dσ0 S(σ0)V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(4.4.1)
where the Boltzmann weights are
V (θ ∣σi, σj) = Γ(pi + i(σi + σj) − θ)Γ(pi + i(σi − σj) − θ) ,
V (θ ∣σi, σj) = V (pi − θ ∣ − σi, σj) ,
W (θ ∣σi, σj) = Γ(θ + i(σi + σj))Γ(θ + i(σi − σj))Γ(θ − i(σi + σj))Γ(θ − i(σi − σj)) ,
W (θ ∣σi, σj) = Γ(pi + i(σi − σj) − θ)
Γ(pi + i(σi − σj) + θ) ,
(4.4.2)
and
S(σ) = 1
4pi Γ(2iσ)Γ(−2iσ) , R(θ) = Γ(2θ) . (4.4.3)
The Boltzmann weights W (θ ∣σi, σj) and W (θ ∣σi, σj) appear in (4.2.3), and (4.3.2), respectively,
while the Boltzmann weight V (θ ∣σi, σj) did not appear previously.
From (4.1.3), the asymptotics of the integrand of (4.4.1) are
O(e−2pi ∣σ0∣) , σ0 → ±∞ , (4.4.4)
and particularly the integral in (4.4.1) is absolutely convergent for the values (4.2.1).
The star-triangle relation (4.4.1) did not appear before, but up to a change of variables is
equivalent to a gamma function integration formula found independently by de Branges [34], and
Wilson [35].
Define
I10,r(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ10,r(θ1, θ3 ∣σ1, σ2, σ3;σ) , (4.4.5)
where
ρ10,r(θ1, θ3 ∣σ1, σ2, σ3;σ) = S(σ)V (θ1 ∣σ1, σ)V (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ,σ3) , (4.4.6)
and the contour C is a deformation of R, separating the points iθ1 + σ1 + iZ≥0, iθ3 ± σ3 + iZ≥0,
i(pi − θ1 − θ3) − σ2 + iZ≥0, from their negatives. Then the star-triangle relation (4.4.1), may be
obtained from the limit (4.1.7) of (3.4.1) (H3(δ=1; ε=1) case):
Proposition 4.3. For the values (3.4.7)
lim
b→0+
(2pib)6
pib4(2pib2)2(i(σ2−σ1)+θ3) I10(θ1b, θ3b ∣σ1b, (σ2 − ipi)b + iη,σ3b) = I10,r(θ1, θ3 ∣σ1, σ2, σ3) , (4.4.7)
where I10(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.4.5).
The steps of the proof of Proposition 4.3, are analogous to the respective steps for Proposition
4.1. The star-triangle relation (4.4.1) follows from Proposition 4.3, by using (4.1.6) to take the same
limit of the right hand side of (3.4.1).
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4.4.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take the values given in (4.2.10). The Lagrangian
functions for this case are defined in terms of (4.1.4) as
Λ(α ∣xi, xj) =γ(xi + xj + iα) + γ(xi − xj + iα) ,
L(α ∣xi, xj) =γ(xi + xj − iα) + γ(xi − xj − iα) + γ(−xi + xj − iα)
+ γ(−xi − xj − iα) − γ(−2iα) .
(4.4.8)
The latter function satisfies
L(α ∣xi, xj) = L(α ∣xj , xi) . (4.4.9)
Using the asymptotics (4.1.3), the leading order O(h̵−1) quasi-classical expansion (4.1.5) of the
integrand (4.4.6) is
Log (h̵2pi−3ρ10,r(α1h̵−1, α3h̵−1 ∣x1h̵−1, x2h̵−1, x3h̵−1;x0h̵−1))
+2ih̵−1(x2 − x1 − iα3)(1 + Log h̵) = h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) , (4.4.10)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = C(x0) +Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x0, x3) , (4.4.11)
and
Λ(α ∣xi, xj) = Λ(−α ∣ − xi, xj) ,
C(x) = 2ix(Log(−2ix) − Log(2ix)) . (4.4.12)
The saddle point three-leg equation (2.2.12) is then given by
1
i
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 + α3 ∣x2, x0) + ϕ(α3 ∣x3, x0) = 0 , (4.4.13)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = Log(i(xi + xj) −α) − Log(i(xi − xj) −α) ,
ϕ(α ∣xi, xj) = Log(α + i(xi + xj)) + Log(α − i(xi − xj))
− Log(α − i(xi + xj)) − Log(α + i(xi − xj)) ,
(4.4.14)
and
φ(α ∣xi, xj) = φ(−α ∣ − xi, xj) . (4.4.15)
Equation (4.4.13) is a three-leg form of H2(ε=1), arising as the equation for the saddle point of
the star-triangle relation (4.4.1) in the limit (4.1.5). With the following change of variables
x = x20, u = x1, y = x2, v = x23, α = −iα1, β = −i(α1 + α3), (4.4.16)
the exponential of the three-leg equation (4.4.13) may be written in the form
H(x,u, y, v;α,β) = 0 , (4.4.17)
where
H(x,u, y, v;α,β) = (x − v)(u − y) + (α − β)(x + v + (u + y)(α + β) − 2uy − α2 − β2) . (4.4.18)
This is identified as H2(ε=1) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
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4.5 H2(ε=1) case (alternate form)
4.5.1 Star-triangle relation
Let the spins σ1, σ2, σ3, and spectral parameters θ1, θ3 take values (4.2.1). The star-triangle relation
is given in this case by
∫
R
dσ0 V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(4.5.1)
where the Boltzmann weights are
V (θ ∣σi, σj) = Γ(pi + i(σi + σj) − θ)
Γ(pi + i(σi − σj) + θ) ,
V (θ ∣σi, σj) = Γ(θ + i(σi − σj))Γ(θ − i(σi + σj)) ,
W (θ ∣σi, σj) = Γ(θ + i(σi − σj))Γ(θ − i(σi − σj)) ,
W (θ ∣σi, σj) = Γ(pi + i(σi + σj) − θ)Γ(pi + i(σi − σj) − θ)
Γ(pi + i(σi + σj) + θ)Γ(pi + i(σi − σj) + θ) ,
(4.5.2)
and
R(θ3) = 2pi Γ(2θ3) . (4.5.3)
From (4.1.3), the asymptotics of the integrand of (4.5.1) are
O(e−2pi ∣σ0∣) , σ0 → ±∞ , (4.5.4)
and particularly the integral in (4.5.1) is absolutely convergent for the values (4.2.1).
Similarly to the preceding case of H2(ε=1) in (4.4.2), W (θ ∣σi, σj), and W (θ ∣σi, σj) appear in
(4.2.3), and (4.3.2), respectively, while the Boltzmann weight V (θ ∣σi, σj) is not symmetric in the
exchange of spins, and generally has non-vanishing imaginary component. In the star-triangle
relation (4.5.1), the Boltzmann weights W (θ ∣σi, σj) and W (θ ∣σi, σj) are exchanged compared to
(4.4.1), which will result in a different three-leg form to (4.4.13), that corresponds to the same quad
equation H2(ε=1) (up to relabelling of the variables).
The star-triangle relation (4.5.1) is up to a change of variables equivalent to Barnes’s second
lemma [12] (the same integral formula corresponding to (4.3.1) for the Q1(δ=1) case, but with a
slightly different change of variables).
Define
I6,H,r(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ6,H,r(θ1, θ3 ∣σ1, σ2, σ3;σ) , (4.5.5)
where
ρ6,H,r(θ1, θ3 ∣σ1, σ2, σ3;σ) = V (θ1 ∣σ1, σ)V (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ,σ3) , (4.5.6)
and the contour C is a deformation of R, separating the points iθ3+σ3+ iZ≥0, i(pi−θ1−θ3)−σ2+ iZ≥0,
from the points −iθ3 + σ3 − iZ≥0, −iθ1 ± σ1 − iZ≥0. Then the star-triangle relation (4.5.1), may be
obtained from the limit (4.1.7) of (3.5.1) (H3(δ=1; ε=1) case):
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Proposition 4.4. For the values (3.5.7),
lim
b→0+
(2pib)4
b2
I6,H(θ1b, θ3b ∣σ1b, (σ2 − ipi)b + iη,σ3b) = I6,H,r(θ1, θ3 ∣σ1, σ2, σ3) (4.5.7)
where I6,H(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.5.5).
The steps of the proof of Proposition 4.4, are analogous to the respective steps for Proposition
4.1. The star-triangle relation (4.5.1) follows from Proposition 4.4, by using (4.1.6) to take the same
limit of the right hand side of (3.5.1).
4.5.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take the values given in (4.2.10). The Lagrangian
functions for this case are defined in terms of (4.1.4) as
Λ(α ∣xi, xj) = γ(xi + xj + iα) − γ(xi − xj − iα) ,
Λ(α ∣xi, xj) = γ(xi − xj − iα) + γ(−(xi + xj + iα)) ,
L(α ∣xi, xj) = γ(xi − xj − iα) + γ(xj − xi − iα) − γ(−2iα) .
(4.5.8)
The latter function satisfies
L(α ∣xi, xj) = L(α ∣xj , xi) . (4.5.9)
Using the asymptotics (4.1.3), the leading order O(h̵−1) quasi-classical expansion (4.1.5) of the
integrand (4.5.6) is
Log (h̵−2ρ6,H,r(α1h̵−1, α3h̵−1 ∣x1h̵−1, x2h̵−1, x3h̵−1;x0h̵−1)) = h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1),
(4.5.10)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x0, x3) . (4.5.11)
The saddle point three-leg equation (2.2.12) is then given by
1
i
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 + α3 ∣x2, x0) + ϕ(α3 ∣x3, x0) = 0 , (4.5.12)
where
φ(α ∣xi, xj) = Log(i(xi + xj) − α) + Log(i(xi − xj) + α) ,
φ(α ∣xi, xj) = −Log(α − i(xi + xj)) − Log(α + i(xi − xj)) ,
ϕ(α ∣xi, xj) = Log(α − i(xi − xj)) − Log(α + i(xi − xj)) .
(4.5.13)
Equation (4.5.12) is a three-leg form of H2(ε=1), arising as the equation for the saddle point of
the star-triangle relation (4.5.1) in the limit (4.1.5). With the following change of variables
x = x0, u = x21, y = x22, v = x3, α = −iα1, β = −i(α1 + α3), (4.5.14)
the exponential of the three-leg equation (4.5.12) may be written in the form
H(x,u, y, v;α,β) = 0 , (4.5.15)
where
H(x,u, y, v;α,β) = (x − v)(u − y) + (α − β)(u + y + (x + v)(α + β) − 2xv − α2 − β2) . (4.5.16)
This is identified as H2(ε=1) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
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4.6 H2(ε=0) case
4.6.1 Star-triangle relation
Let the spins σ1, σ2, σ3, and spectral parameters θ1, θ3 take values (4.2.1). The star-triangle relation
is given in this case by
∫
R
dσ0 V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(4.6.1)
where the Boltzmann weights are
V (θ ∣σi, σj) = Γ(pi + i(σi + σj) − θ) ,
V (θ ∣σi, σj) = V (pi − θ ∣ − σi,−σj) ,
W (θ ∣σi, σj) = Γ(θ + i(σi − σj))Γ(θ − i(σi − σj)) ,
W (θ ∣σi, σj) = Γ(pi + i(σi − σj) − θ)
Γ(pi + i(σi − σj) + θ) ,
(4.6.2)
and
R(θ) = 2pi Γ(2θ) . (4.6.3)
The Boltzmann weights satisfy
V (θ ∣σi, σj) = V (θ ∣σj , σi) , W (θ ∣σi, σj) =W (θ ∣σj , σi) , W (θ ∣σi, σj)W (−θ ∣σi, σj) = 1 . (4.6.4)
From (4.1.3), the asymptotics of the integrand of (4.6.1) are
O(e−2pi∣σ0∣) , σ0 → ±∞ , (4.6.5)
and particularly the integral in (4.6.1) is absolutely convergent for the values (4.2.1).
The star-triangle relation (4.6.1) did not appear before, but up to a change of variables is
equivalent to Barnes’s first lemma [11].
Define
I4,r(θ1, θ3 ∣σ1, σ2, σ3) = ∫C dσ ρ4,r(θ1, θ3 ∣σ1, σ2, σ3;σ) , (4.6.6)
where
ρ4,r(θ1, θ3 ∣σ1, σ2, σ3;σ) = V (θ1 ∣σ1, σ)V (θ1 + θ3 ∣σ2, σ)W (θ3 ∣σ,σ3) , (4.6.7)
and the contour C is a deformation of R, separating the points iθ3+σ3+ iZ≥0, i(pi−θ1−θ3)−σ2+ iZ≥0,
from the points −iθ1 − σ1 − iZ≥0, −iθ3 + σ3 − iZ≥0. Then the star-triangle relation (4.6.1), may be
obtained from the limit (4.1.7) of (3.6.1) (H3(δ=0,1; ε=1−δ) case):
Proposition 4.5. For the values (3.6.8),
lim
b→0+
√
2pi(2pib)3
b2(2pib2)i(σ2−σ1)+θ3 I4(θ1b, θ3b ∣σ1b, (σ2 − ipi)b + iη,σ3b) = I4,r(θ1, θ3 ∣σ1, σ2, σ3) (4.6.8)
where I4(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.6.6).
The steps of the proof of Proposition 4.5, are analogous to the respective steps for Proposition
4.1. The star-triangle relation (4.6.1) follows from Proposition 4.5, by using (4.1.6) to take the same
limit of the right hand side of (3.6.1).
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4.6.2 Classical integrable equations
Let the classical variables x1, x2, x3, α1, α3, take the values given in (4.2.10). The Lagrangian
functions for this case are defined in terms of (4.1.4) as
Λ(α ∣xi, xj) = γ(xi + xj + iα) ,
L(α ∣xi, xj) = γ(xi − xj − iα) + γ(xj − xi − iα) − γ(−2iα) . (4.6.9)
These functions satisfy (4.6.9) satisfy
Λ(α ∣xi, xj) = Λ(α ∣xj , xi) , L(α ∣xi, xj) = L(α ∣xj , xi) , L(α ∣xi, xj) = −L(−α ∣xi, xj) . (4.6.10)
Using the asymptotics (4.1.3), the leading order O(h̵−1) quasi-classical expansion (4.1.5) of the
integrand (4.6.7) is
ih̵−1(x2 − x1 − iα3)(1 + Log h̵) + Log (h̵pi−2ρ4,r(α1h̵−1, α3h̵−1 ∣x1h̵−1, x2h̵−1, x3h̵−1;x0h̵−1))
= h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) , (4.6.11)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x0, x3) , (4.6.12)
and
Λ(α ∣xi, xj) = Λ(−α ∣ − xi,−xj) . (4.6.13)
The saddle point three-leg equation (2.2.12) is then given by
1
i
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 + α3 ∣x2, x0) + ϕ(α3 ∣x3, x0) = 0 , (4.6.14)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = Log(i(xi + xj) −α) ,
ϕ(α ∣xi, xj) = Log(α − i(xi − xj)) − Log(α + i(xi − xj)) , (4.6.15)
and
φ(α ∣xi, xj) = −φ(−α ∣ − xi,−xj) . (4.6.16)
Equation (4.6.14) is a three-leg form of H2(ε=0), arising as the equation for the saddle point of
the star-triangle relation (4.6.1) in the limit (4.1.5). With the following change of variables
x = x0, u = x1, y = x2, v = x3, α = −iα1, β = −i(α1 + α3), (4.6.17)
the exponential of the three-leg equation (4.6.14) may be written in the form
H(x,u, y, v;α,β) = 0 , (4.6.18)
where
H(x,u, y, v;α,β) = (x − v)(u − y) + (α − β)(x + u + y + v − α − β) . (4.6.19)
This is identified as H2(ε=0) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
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5 Algebraic cases
The algebraic cases6 of the star-triangle relation, may be obtained as certain limits of the hyperbolic
cases in Section 3. The limits are less straightforward than the limits of the preceding sections, as
the exact form of a limit needs to be determined case by case. The different algebraic cases of the
star-triangle relation that are obtained here as limits of the hyperbolic cases, are summarised in
Figure 10.
Hyperbolic
Algebraic
Q3(δ=1)
(3.2.2)
H3(δ=1; ε=1)
(3.4.1), (3.5.1)
H3(δ=0; ε=0)
(3.7.1)
H3(δ=0,1; ε=1−δ)
(3.6.1)
Q3(δ=0)
(3.3.1)
H1(ε=1)
(5.3.2)
Q1(δ=0)
(5.1.2)
H1(ε=0),H1(ε=1)
(5.2.1)
Figure 10: Star-triangle relations corresponding to integrable quad equations Q1(δ=0), H1(ε=0), H1(ε=1),
obtained in this section as the algebraic limit of the hyperbolic cases of Section 3.
The algebraic limit from the hyperbolic level, may be thought of as a combination of the quasi-
classical expansion for the hyperbolic cases in (3.1.9), and the rational limit in (4.1.6). Specifically,
for
b→ 0+ , (5.0.1)
the relevant asymptotics of the hyperbolic gamma function in this limit are given by [22]
Log
Γh ( x2pib + iθib;b)
Γh ( x2pib + iθjb;b) = (θj − θi)Log (2cosh (
x
2
)) +O(b) , (5.0.2)
for x ∈ R, 0 < θi, θj < η. Unlike the quasi-classical expansions at the hyperbolic (3.1.7) and rational
(4.1.5) levels respectively, the exact form of the quasi-classical expansion for the algebraic cases
considered in this section will be seen to vary from case to case.
5.1 Q1(δ=0) case
5.1.1 Star-triangle relation
Let the spins σ1, σ2, σ3, and spectral parameters θ1, θ3, take values
σ1, σ2, σ3 ∈ R , 0 < θ1, θ3, θ1 + θ3 < 12 . (5.1.1)
The star-triangle relation is given in this case by [36]
∫
R
dσ0W (θ1 ∣σ1, σ0)W (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ3, σ0)
= R(θ1, θ3)W (θ1 ∣σ2, σ3)W (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(5.1.2)
6The star-triangle relations for the different algebraic cases will be seen to correspond to various “classical” hyper-
geometric integrals (with the exception of (4.5.1) for an alternate form of H1(ε=1), which corresponds to a special case
of Barnes’s first lemma). The term “algebraic” is used here rather than “classical”, since the latter term is already
used when referring to the quasi-classical expansion, and the resulting classical integrable equations.
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where the Boltzmann weights are
W (θ ∣σi, σj) = ∣σi − σj ∣−2θ ,
W (θ ∣σi, σj) =W (12 − θ ∣σi, σj) ,
(5.1.3)
and
R(θ1, θ3) =√pi Γ(θ1)Γ(
1
2
− (θ1 + θ3))Γ(θ3)
Γ(1
2
− θ1)Γ(θ1 + θ3)Γ(12 − θ3) . (5.1.4)
Equation (5.1.2) is the star-triangle relation for the D = 1 Zamolodchikov fishnet model [36].
The connection to Q1(δ=0) was previously given in [8, 9].
The star-triangle relation (5.1.2) may be obtained as a limit of (3.2.2) (Q3(δ=1) case), or (3.3.1)
(Q3(δ=0) case). To see this, first the asymptotics (5.0.2) may be used to obtain the following integral
from the star-triangle relation (3.2.7) (Q3(δ=1) case):
Proposition 5.1. Let the variables σi, θ1, θ3, take values given in (3.2.1), and without loss of
generality, choose ∣σ3∣ > ∣σ1∣. Then
lim
b→0+
(8pib)e∣σ3∣b−2I14(θ1b, θ3b ∣σ1(2pib)−1, σ2(2pib)−1, σ3(2pib)−1)
= ∫[σ1,σ3] dσ0 S(σ0)W2(θ1 ∣σ1, σ0)W1(θ1 + θ3 ∣σ2, σ0)W2(θ3 ∣σ3, σ0) ,
(5.1.5)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7), and the Boltzmann weights on the right hand side
are defined by
W1(θ ∣σi, σj) = ∣cosh(σi) + cosh(σj)∣−2θ ,
W2(θ ∣σi, σj) = ∣cosh(σi) − cosh(σj)∣2θ−1 , (5.1.6)
and
S(σ) = ∣sinh(σ)∣ . (5.1.7)
Proof. First the change of integration variable σ0 → σ0(2pib)−1 should be applied to the integral
(3.2.7). Using (5.0.2), and the functional equations (3.1.4) for the hyperbolic gamma function, the
relevant asymptotics of the Boltzmann weights (3.2.2) for b→ 0 are
LogW (θb ∣ σi
2pib
,
σj
2pib
) = −2θLog (2 (cosh(σi) + cosh(σj))) +O(b) ,
LogW (θb ∣ σi
2pib
,
σj
2pib
) = −max(∣σi∣, ∣σj ∣)
b2
+ (2θ − 1)Log (2 ∣cosh(σi) − cosh(σj)∣) +O(b) .
(5.1.8)
For the given case of ∣σ3∣ > ∣σ1∣, the left hand side of (5.1.5) decays exponentially outside σ0 ∈[−∣σ3∣,−∣σ1∣], and σ0 ∈ [∣σ1∣, ∣σ3∣], as b→ 0+, and by evenness of (3.2.8), the contribution to the inte-
gral from both of the respective regions are the same. The result (5.1.5) then follows by dominated
convergence.
A similar limit may also be taken for the star-triangle relation (3.3.5) (Q3(δ=0) case).
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Proposition 5.2. Let the variables σi, θ1, θ3, take values given in (3.2.1), and without loss of
generality, choose σ3 > σ1. Then
lim
b→0+
(4pib)e(σ3−σ1)b−2I6,Q(θ1b, θ3b ∣σ1(pib)−1, σ2(pib)−1, σ3(pib)−1)
= ∫[σ1,σ3] dσ0W2(θ1 ∣σ1, σ0)W1(θ1 + θ3 ∣σ2, σ0)W2(θ3 ∣σ3, σ0) ,
(5.1.9)
where I6,Q(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.3.5), and the Boltzmann weights on the right hand side
are defined by
W1(θ ∣σi, σj) = ∣cosh (σi − σj)∣−2θ ,
W2(θ ∣σi, σj) = ∣sinh (σi − σj)∣2θ−1 .
(5.1.10)
The proof of Proposition 5.2, follows analogously to Proposition 5.1.
The following Selberg-type integral [37] is obtained following a simple change of variables after
taking either the same limit (5.1.5), on both sides of (3.2.2) (Q3(δ=1) case), or the same limit (5.1.9),
on both sides of (3.3.1) (Q3(δ=0) case).
Corollary 5.3. For the values σ2 < σ1 < σ3,
∫[σ1,σ3] dσ0W (θ1 ∣σ1, σ0)W (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ3, σ0)
= R(θ1, θ3)W (θ1 ∣σ2, σ3)W (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(5.1.11)
where the Boltzmann weights are defined in (5.1.3), and
R(θ1, θ3) = Γ(2θ1)Γ(2θ3)
Γ(2(θ1 + θ3)) . (5.1.12)
The equation (5.1.11) does not quite have the desired form of the star-triangle relation (2.1.5),
since the integration is taken over [σ1, σ3], rather than R (or some subset independent of σ1, σ2, σ3).
For the purposes here of deriving 3D-consistent quad equations from a quasi-classical expansion,
this is not a problem, and the Q1(δ=0) equation may be derived directly from (5.1.11). However at
the quantum level this is problematic, since the star-triangle relation represents a partition function
involving integration over the values of the central spin variable σ0, which cannot depend on the
values of other spin variables.
To obtain the desired integration over R a sum of three copies of (5.1.11) can be taken, each with
different choices of the respective variables, to arrive at the star-triangle relation (5.1.2). First, the
equation (5.1.11) directly gives the contribution to (5.1.2) over the integration region σ0 ∈ [σ1, σ3].
Second, the equation (5.1.11) with the substitution
σ1 → σ2 , σ2 → σ3 , σ3 → σ1 , θ1 → θ3 , θ3 → 12 − θ1 − θ3 , (5.1.13)
gives a contribution to (5.1.2) over the integration region σ0 ∈ [σ2, σ1]. The final equation uses a
substitution to obtain the contribution to (5.1.2) over the integration region σ0 ∈ (−∞, σ2]∪[σ3,∞).
The exact form of the substitution depends on whether the values σ1, σ2, σ3, are respectively greater
or less than zero. For example, for σ2 < σ1 < 0 < σ3, a substitution for the region σ0 ∈ (−∞, σ2] ∪[σ3,∞) is
σ → σ−1 , σ1 → (σ2)−1 , σ2 → (σ3)−1 , σ3 → σ1−1 , θ1 → 12 − θ1 − θ3 , θ3 → θ1 . (5.1.14)
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For other values, a uniform shift of the variables σ,σ1, σ2, σ3, can be applied to (5.1.11) in order to
make use of the above substitution (the equation (5.1.11) is invariant under such a shift). While
the above considerations are for the case of σ2 < σ1 < σ3, other cases follow from this case by simple
changes of variables. For example setting σ2 ↔ σ1, θ1 → 12 − θ1 − θ3, results in the same equation
(5.1.2) for σ1 < σ2 < σ3, while setting σ1 → σ3, σ2 → σ1, σ3 → σ2, θ1 → θ3, θ3 → 12 − θ1 − θ3, results in
the same equation (5.1.2) for σ1 < σ3 < σ2, and other cases are similar.
5.1.2 Classical integrable equations
The quasi-classical expansion for this case involves setting
Im(θ1) = α1h̵−1 , Im(θ3) = α3h̵−1 , (5.1.15)
as well as relabelling (σ0, σ1, σ2, σ3) → (x0, x1, x2, x3), and then considering the quasi-classical ex-
pansion for h̵→ 0+. In this limit the classical variables are
x1, x2, x3 ∈ R , α1, α3 ∈ R . (5.1.16)
The Lagrangian function for this case is defined by
L(α ∣xi, xj) = αLog ∣xi − xj ∣ − α
2
Log ∣α∣ . (5.1.17)
and satisfies
L(α ∣xi, xj) = L(α ∣xj , xi) , L(α ∣xi, xj) = −L(−α ∣xi, xj) . (5.1.18)
The leading order O(h̵−1) quasi-classical expansion (5.1.15) of the integrand of (5.1.2) is
Log (W (α1h̵−1 ∣x1, x0)W ((α1 +α3)h̵−1 ∣x2, x0)W (α3h̵−1 ∣x3, x0)) +
α1Log ∣α1∣ + α3Log ∣α3∣ − (α1 +α3)Log ∣α1 + α3∣
2h̵
= h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) , (5.1.19)
where
A☆(α1, α3 ∣x0, x1, x2, x3) = L(α1 ∣x1, x0) + L(α1 +α3 ∣x2, x0) +L(α3 ∣x3, x0) , (5.1.20)
and
L(α ∣xi, xj) = L(−α ∣xi, xj) . (5.1.21)
The saddle point three-leg equation (2.2.4) is then given by
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= ϕ(α ∣x1, x0) +ϕ(α1 +α3 ∣x2, x0) +ϕ(α3 ∣x3, x0) = 0 , (5.1.22)
where ϕ(α ∣xi, xj), is defined by
ϕ(α ∣xi, xj) = α
xi − xj , (5.1.23)
and
ϕ(α ∣xi, xj) = ϕ(−α ∣xi, xj) . (5.1.24)
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The equation (5.1.22) is a three-leg form of Q1(δ=0), arising as the equation for the saddle point
of the star-triangle relation (5.1.2) in the limit (5.1.15). This was also previously obtained in [8,9].
With the following change of variables
x = x0, u = x1, y = x2, v = x3, α = −α1, β = −(α1 + α3), (5.1.25)
the three-leg equation (5.1.22) may be written in the form
Q(x,u, y, v;α,β) = 0 , (5.1.26)
where
Q(x,u, y, v;α,β) = α(x − y)(u − v) − β(x − u)(y − v) . (5.1.27)
This is identified as Q1(δ=0) [5], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
5.2 H1(ε=1) case
5.2.1 Star-triangle relation
Let the spins σ1, σ2, σ3, and spectral parameters θ1, θ3, take values given in (5.1.1). The star-triangle
relation is given in this case by
∫
R
dσ0 V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(5.2.1)
where the Boltzmann weights are
V (θ ∣σi, σj) = eiσiσj ,
W (θ ∣σi, σj) = ∣2 sinh σi − σj
2
∣2θ−1 ,
W (θ ∣σi, σj) = Γ(
1
2
+ i(σi + σj) − θ)Γ(12 − i(σi + σj) − θ)
Γ(1
2
+ i(σi + σj))Γ(12 − i(σi + σj))Γ(12 + θ)Γ(12 − θ) ,
(5.2.2)
and
R(θ) = 2pi Γ(2θ) . (5.2.3)
Each of the Boltzmann weights in (5.2.2) are symmetric upon the exchange of spins σi ↔ σj .
The integrand is
O(e ∣σ0−σ3∣(θ3− 12 )eiσ0(σ1+σ2))) , σ0 → ±∞ , (5.2.4)
and particularly (5.2.1) is absolutely convergent for the values (5.1.1).
The star-triangle relation (5.2.1), is related to the following limit of (3.7.1) (H3(δ=0;ε=0) case)
Proposition 5.4. Let the variables σ1, σ2, σ3, θ1, θ3, take values given in (3.2.1). Then
lim
b→0+
(2pib)eσ3(2b2)−1I2(θ1b, θ3b ∣σ1b, σ2b + i(2b)−1, σ3(2pib)−1)
= ∫(−∞,σ3] dσ0 V (θ1 ∣ − σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3) ,
(5.2.5)
where I2(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.7.5) (H3(δ=0;ε=0) case), and the Boltzmann weights on the
right hand side are defined in (5.2.2).
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Proof. Following a change of variables σ0 → σ0(2pib)−1, with the use of the asymptotic formula
(5.0.2) it is seen that the left hand side of (5.2.5) decays exponentially fast outside σ0 ∈ (−∞, σ3].
The result (5.2.5) then follows by dominated convergence.
The following equation is obtained by taking the same limit (5.2.5), on both sides of (3.7.1).
Corollary 5.5.
∫(−∞,σ3] dσ0 V (θ1 ∣ − σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣ − σ1, σ3)W (θ3 ∣σ2, σ1) ,
(5.2.6)
where W (θ ∣σi, σj), and V (θ ∣σi, σj), are defined in (5.2.2), and
W (θ ∣σi, σj) = Γ(
1
2
+ i(σi − σj) − θ)
Γ(1
2
+ i(σi − σj) + θ) , (5.2.7)
R(θ) = Γ(2θ) . (5.2.8)
The star-triangle relation (5.2.1) is equivalent to a sum of two copies of (5.2.6), with different
choices of variables for the two respective cases. First, the equation (5.2.6) directly gives the
contribution to (5.2.1) over the integration region σ0 ∈ (−∞, σ3]. The remaining contribution to
σ0 ∈ [σ3,∞) comes from (5.2.6) with the change of variables
σ0 → −σ0 , σ1 → −σ1 , σ2 → −σ2 , σ3 → −σ3 . (5.2.9)
Similarly, the star-triangle relation (5.2.1), is related to the following limit of (3.4.1) (H3(δ=1;ε=1)
case)
Proposition 5.6. For the values (3.2.1),
lim
b→0+
(2pib)e∣σ3∣b−2I10(θ1b, θ3b ∣σ1b, σ2b + i(2b)−1, σ3(2pib)−1)
= ∫[0, ∣σ3 ∣] dσ0 S(σ0)V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3) ,
(5.2.10)
where I10(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.4.5) (H3(δ=1;ε=1) case), and the Boltzmann weights on
the right hand side are
V (θ ∣σi, σj) = ∣2 sinh(σj2 )∣2(iσi−θ) ,
V (θ ∣σi, σj) = ∣2 sinh(σj2 )∣2(θ−iσi)−1 ,
W (θ ∣σi, σj) = ∣2(cosh(σi) − cosh(σj))∣2θ−1 ,
(5.2.11)
and
S(σ) = ∣ sinh(σ)∣ . (5.2.12)
The steps of the proof of Proposition 5.6, are analogous to the respective steps for Proposi-
tion 5.4. Then taking the same limit (5.2.10), on both sides of (3.4.1), results in (5.2.6) (after a
straightforward change of variables).
47
Finally, note that the equation (5.2.6) is equivalent to the standard Euler beta function. Indeed,
after a change of variables eσ0/2 = x, eσ3/2 = x3, σ1 = x1, σ2 = x2, (5.2.6) may be written as the
following integral identity7
∫[0,x3] dxρa(θ3 ∣x1, x2, x3;x) = x
2i(x1+x2)
3 Γ(2θ3)Γ(
1
2
+ i(x1 + x2) − θ3)
Γ(1
2
+ i(x1 + x2) + θ3) , (5.2.13)
where
ρa(θ3 ∣x1, x2, x3;x) = x2i(x1+x2)(xx3)1−2θ3 ∣x2 − x23∣2θ3−1 . (5.2.14)
The variable x3 is eliminated with the substitution x → x3√x, and (5.2.13) gets the form of the
standard Euler beta function
∫[0,1] dxx
a−1(1 − x)b−1 = Γ(a)Γ(b)
Γ(a + b) , Re(a) ,Re(b) > 0 , (5.2.15)
where a = i(x1+x2)−θ3+ 12 , and b = 2θ3. Consequently the star-triangle relation (5.2.1) is equivalent
to a sum of two copies of the beta function (5.2.13), with one copy having spin variables of the
opposite sign, with respect to the other copy.
5.2.2 Classical integrable equations
In this limit the classical variables x1, x2, x3, α1, α3, are
x1, x2, x3 ∈ R , α1, α3 ∈ R . (5.2.16)
The Lagrangian functions for this case are defined by
Λ(α ∣xi, xj) = ixixj ,
L(α ∣xi, xj) = 2iαLog ∣sinh(xi − xj
2
)∣ . (5.2.17)
The Lagrangians are each symmetric upon the exchange of spins xi ↔ xj, and also satisfy
L(α ∣xi, xj) = −L(−α ∣xi, xj) . (5.2.18)
The quasi-classical expansion of (5.2.1), involves setting
σ0 = x, σ3 = x3, σ1 = x1h̵−1, σ2 = x2h̵−1, Im(θ3) = α3h̵−1, (5.2.19)
for h̵ → 0. Then the leading order O(h̵−1) quasi-classical expansion (5.2.19) of the integrand of
(5.2.1) becomes
Logρa(α3h̵−1 ∣x1h̵−1, x2h̵−1,e x32 ;e x2 ) = h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) , (5.2.20)
where ρa(α3 ∣x1, x2, x3;x) is given in (5.2.14), and
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x0, x3) . (5.2.21)
7Note that (5.2.13) is also obtained from the σ1 = 0, σ2 → ∞ limit of the star-triangle relation (5.1.2) (for the
Q1(δ=0) case), with θ1 →
i(σ1+σ2)−θ3+1
2
.
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The saddle point three-leg equation (2.2.12) is then given by
1
i
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 + α3 ∣x2, x0) + ϕ(α3 ∣x3, x0) = 0 , (5.2.22)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = xi , ϕ(α ∣xi, xj) = −α coth(xi − xj
2
) . (5.2.23)
The equation (5.2.22) is a three-leg form of H1(ε=1), arising as the equation for the saddle point
of the star-triangle relation (5.2.1) in the limit (5.2.19). With the following change of variables
x = ex0 , u = −x1, y = x2, v = ex3 , α = −α1, β = −(α1 + α3), (5.2.24)
the three-leg equation (5.2.22) may be written in the form
H(x,u, y, v;α,β) = 0 , (5.2.25)
where
H(x,u, y, v;α,β) = (u − y)(x − v) + (α − β)(x + v) . (5.2.26)
This is identified as H1(ε=1) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
5.3 H1(ε=1) case (alternate form)
5.3.1 Star-triangle relation
Let the spins σ1, σ2, σ3 and spectral parameters θ1, θ3, take values
σ1, σ2, σ3 ∈ R , 0 < θ1, θ3 . (5.3.1)
The star-triangle relation is given in this case by
∫
R
dσ0 V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3)
= R(θ3)V (θ1 ∣σ2, σ3)V (θ1 + θ3 ∣σ1, σ3)W (θ3 ∣σ2, σ1) ,
(5.3.2)
where the Boltzmann weights are
V (θ ∣σi, σj) = ∣σi∣iσj−θ ,
V (θ ∣σi, σj) = ∣σi∣θ−iσj ,
W (θ ∣σi, σj) = Γ(θ + i(σi − σj))Γ(θ − i(σi − σj)) ,
W (θ ∣σi, σj) = (∣σi∣ + ∣σj ∣)−2θ ,
(5.3.3)
and
R(θ) = 2pi Γ(2θ) . (5.3.4)
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The Boltzmann weights satisfy
W (θ ∣σi, σj) =W (θ ∣σj , σi) , W (θ ∣σi, σj) =W (θ ∣σj , σi) , W (θ ∣σi, σj)W (−θ ∣σi, σj) = 1 .
(5.3.5)
The asymptotics of the integrand of (5.3.2) are
O(e−pi∣σ0∣ eiσ0(Log ∣σ2∣−Log ∣σ1∣))) , σ → ±∞ , (5.3.6)
and particularly, (5.3.2) is absolutely convergent for the values (5.3.1).
The above star-triangle relation (5.3.2), may be obtained in the following limit of (3.5.1)
(H3(δ=1;ε=1) case):
Proposition 5.7. For the values (3.2.1),
lim
b→0+
4pi2b
(2pib2)2θ3 e
σ1
2b2 I6,H(θ1b, θ3b ∣σ1(2pib)−1, σ2(2pib)−1, σ3b)
= ∫
R
dσ0 V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W (θ3 ∣σ0, σ3) ,
(5.3.7)
where I6,H(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.5.5) (H3(δ=1;ε=1) case), and the Boltzmann weights on
the right hand side are
V (θ ∣σi, σj) = (2cosh(σi2 ))2(iσj−θ) ,
V (θ ∣σi, σj) = ∣2 sinh(σi2 )∣2(θ−iσj)−1 ,
W (θ ∣σi, σj) = Γ(θ + i(σi − σj))Γ(θ − i(σi − σj)) .
(5.3.8)
The steps of the proof are analogous to the steps for the rational limits taken in Section 4. The
star-triangle relation (5.3.2) is obtained by taking the same limit (5.3.7), on both sides of (3.5.1),
and making a straightforward change of variables to get the form of the Boltzmann weights (5.3.3).
Similarly, the star-triangle relation (5.3.2), may be obtained in a similar limit from (3.6.1)
(H3(δ=0,1;ε=1−δ) case). For this case, to make use of the asymptotic formula (5.0.2), a ratio of
Boltzmann weights coming from the right hand side of (3.6.1) is required as follows:
Proposition 5.8. For the values (3.2.1), and σ1 < 0,
lim
b→0+
( 4pi2b(2pib2)2θ3
V (θ1 ∣σ2, σ3)V ((θ1 + θ3) ∣σ1, σ3)
W (θ1b ∣σ2(2pib)−1, σ3b)W ((θ1 + θ3)b ∣σ1(2pib)−1, σ3b)
× I4(θ1b, θ3b ∣σ1(2pib)−1, σ2(2pib)−1, σ3b))
= ∫
R
dσ0 V (θ1 ∣σ1, σ0)V (θ1 + θ3 ∣σ2, σ0)W1(θ3 ∣σ0, σ3) ,
(5.3.9)
where I4(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.6.6) (H3(δ=0,1;ε=1−δ) case), and the Boltzmann weights in
the denominator of the first line of (5.3.9) are defined in (3.6.4). The remaining Boltzmann weights
are
V (θ ∣σi, σj) = (e−σi + 1)iσj−θ ,
V (θ ∣σi, σj) = (e−σi − 1)θ−iσj ,
W1(θ ∣σi, σj) = Γ(θ + i(σi − σj))Γ(θ − i(σi − σj)) .
(5.3.10)
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The condition σ1 < 0, is neccessary for the convergence of (5.3.9), and the rest of the proof
is analogous to the limits taken for the rational cases of the Section 4. Then taking the same
limit (5.3.9), on the right hand side of (3.6.1), results in the star-triangle relation (5.3.2) (up to a
straightforward change of variables).
Besides the exponential factors, the star-triangle relation (5.3.2) resembles the form of the star-
triangle relations given for the rational cases in Section 4, and indeed it may be seen to be a
particular case of Barnes’s integral formula [11] for the hypergeometric function 2F1 [38] (the same
integral formula is equivalent to the star-triangle relation for the H2(ε=0) case (4.6.1)).
To see this, first note that the star-triangle relation (5.3.2), is explicitly written as
∫
R
dσ0 ρb(θ1, θ3 ∣σ1, σ2, σ3;σ0) = 2pi Γ(2θ3) ∣σ1∣θ1+θ3−iσ3 ∣σ2∣iσ3−θ1(∣σ1∣ + ∣σ2∣)−2θ3 , (5.3.11)
where
ρb(θ1, θ3 ∣σ1, σ2, σ3;σ0) = Γ(θ3 + i(σ3 − σ0))Γ(θ3 − i(σ3 − σ0)) ∣σ1∣θ1−iσ0 ∣σ2∣iσ0−θ1−θ3 . (5.3.12)
This equation may be written in a form that is independent of θ1, since the θ1 dependency trivially
cancels from both sides of (5.3.11). Similarly, the variable σ3 may be eliminated with a change
of variable of σ0 → σ0 − σ3, while also the expression (5.3.11) only depends on the ratio µ = σ1σ2 .
Consequently, after the corresponding change of variables, the star-triangle relation (5.3.2) can be
written explicitly as the following integral identity for a product of gamma functions:
∫
R
dz Γ(θ3 + iz)Γ(θ3 − iz) ∣µ∣−(θ3+iz) = 2pi Γ(2θ3)(1 + ∣µ∣)−2θ3 . (5.3.13)
In this form, it is seen that this is a particular integral evaluation formula involving the standard
Beta function (5.2.15), with the choice a = θ1 + iz, b = θ3 − iz. As mentioned above, the integral
(5.3.13) is a special case of Barnes’s integral formula [11] for the hypergeometric function 2F1 [38].
The integral (5.3.13) may be directly evaluated as a sum over residues in the upper half plane, or
also by using the fact that it is the inverse Mellin transform of the beta function (5.2.15).
5.3.2 Classical integrable equations
In this limit the classical variables x1, x2, x3, α1, α3, are
x1, x2, x3 ∈ R , 0 < α1, α3 . (5.3.14)
The Lagrangian functions for this case are defined by
Λ(α ∣xi, xj) = (ixj −α)Log ∣xi∣ ,
L(α ∣xi, xj) = γ(xi − xj − iα) + γ(xj − xi − iα) − γ(−2iα) , (5.3.15)
where γ(z) is defined in (4.1.4).
The latter function satisfies
L(α ∣xi, xj) = L(α ∣xj , xi) . (5.3.16)
The quasi-classical expansion of (5.3.2), involves setting
σ0 = x, σ3 = x3, σ1 = x1h̵−1, σ2 = x2h̵−1, θ3 = α3h̵−1, (5.3.17)
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and then taking h̵ → 0. Then the leading order O(h̵−1) quasi-classical expansion (5.3.17) of the
integrand of (5.3.2) is
(1 + Log h̵)2α3h̵−1 − Log h̵ + Logρb(α3h̵−1 ∣x1h̵−1, x2h̵−1, x3;x)
= h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) , (5.3.18)
where ρb(α3 ∣x1, x2, x3;x) is given in (5.3.12),
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x1, x0) +Λ(α1 + α3 ∣x2, x0) + L(α3 ∣x0, x3) , (5.3.19)
and
Λ(α ∣xi, xj) = −Λ(α ∣xi, xj) . (5.3.20)
The saddle point three-leg equation (2.2.12) is then given by
1
i
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 + α3 ∣x2, x0) + ϕ(α3 ∣x3, x0) = 0 , (5.3.21)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = Log ∣xi∣ ,
ϕ(α ∣xi, xj) = Log(α − i(xi − xj)) − Log(α + i(xi − xj)) , (5.3.22)
and
φ(α ∣xi, xj) = −φ(α ∣xi, xj) . (5.3.23)
The equation (5.3.21) is a three-leg form of H1(ε=1), arising as the equation for the saddle point
of the star-triangle relation (5.3.2) in the limit (5.3.17). With the following change of variables
x = x0, u = −∣x1∣, y = ∣x2∣, v = x3, α = −iα1, β = −i(α1 +α3), (5.3.24)
the exponential of the three-leg equation (5.3.21) may be written in the form
H(x,u, y, v;α,β) = 0 , (5.3.25)
where
H(x,u, y, v;α,β) = (u − y)(x − v) + (α − β)(u + y) . (5.3.26)
This is identified as H1(ε=1) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
5.4 H1(ε=0) case
5.4.1 Star-triangle relation
The star-triangle relation (5.2.1), in fact also provides a quantum counterpart of H1(ε=0), by using
a slightly different choice of quasi-classical expansion.
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5.4.2 Classical integrable equations
For this case the classical variables x1, x2, x3, α1, α3, are
x1, x2, x3 ∈ R , α1, α3 ∈ R . (5.4.1)
The Lagrangian functions for this case are defined by
Λ(α ∣xi, xj) = ixixj , L(α ∣xi, xj) = 2iαLog ∣xi − xj ∣ . (5.4.2)
The Lagrangians are each symmetric upon the exchange of spins xi ↔ xj, and L(α ∣xi, xj), also
satisfies
L(α ∣xi, xj) = −L(−α ∣xi, xj) . (5.4.3)
The quasi-classical expansion of (5.2.1) (different to (5.2.19)), involves setting
σ0 = x0h̵, σ1 = x1h̵−2, σ2 = x2h̵−2, σ3 = x3h̵, Im(θ3)→ α3h̵−1, (5.4.4)
for h̵→ 0. Then the leading order O(h̵−1) quasi-classical expansion (5.4.4) of the integrand of (5.2.1)
becomes
−2(h̵−1iα3 +Re(θ3) − 12)Log h̵ + Logρa(α3h̵−1 ∣x1h̵−2, x2h̵−2, x3h̵;xh̵)
= h̵−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) , (5.4.5)
where ρa(α3 ∣x1, x2, x3;x) is given in (5.2.14), and
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(α1 ∣x1, x0) +Λ(α1 +α3 ∣x2, x0) +L(α3 ∣x0, x3) . (5.4.6)
The saddle point three-leg equation (2.2.12) is then given by
1
i
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 + α3 ∣x2, x0) + ϕ(α3 ∣x3, x0) = 0 , (5.4.7)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = xi , ϕ(α ∣xi, xj) = 2α
xj − xi . (5.4.8)
The equation (5.4.7) is a three-leg form of H1(ε=0), arising as the equation for the saddle point
of the star-triangle relation (5.2.1) in the limit (5.4.4). With the following change of variables
x = x0, u = −x1, y = x2, v = x3, α = −α1, β = −(α1 + α3), (5.4.9)
the three-leg equation (5.4.7) may be written in the form
H(x,u, y, v;α,β) = 0 , (5.4.10)
where
H(x,u, y, v;α,β) = (u − y)(x − v) + 2(β −α) . (5.4.11)
This is identified as H1(ε=0) [10], an affine-linear quad equation that satisfies the 3D-consistency
condition exactly as defined in Section 2.
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6 Conclusion
This paper shows how all 3D-consistent H-type quad equations in the ABS classification, may be
derived from the quasi-classical expansion of respective counterpart solutions of an asymmetric form
of the star-triangle relation (2.1.8). The results here provide an almost systematic way to derive
3D-consistent quad equations from the star-triangle relation; once a solution of the latter is known,
the major computations only involve determining the right choice of the quasi-classical expansion
which gives a suitable asymptotic series in h̵ of the form (2.2.2). In all cases an affine-linear 3D-
consistent quad equation is then obtained via a change of variables from the equation of the saddle
point. The star-triangle relations (2.1.5), (2.1.8), thus provide natural path integral quantizations
of symmetric Q-type, and asymmetric H-type ABS equations respectively. The results of this paper
extend the Yang-Baxter/3D-consistency correspondence that was previously given for the Q-type
ABS equations [8], to the entire ABS list.
Each solution of the asymmetric form of the star-triangle relation (2.1.8) appearing in this
paper is new (apart from the case (3.6.1) for H3(δ=0,1; ε=1−δ) [18]). Each of the star-triangle relations
were also shown to have an equivalent interpretation as a transformation formula for a univariate
hypergeometric integral, as summarised in Appendix A. The different solutions of both forms of
the star-triangle relations (2.1.5), (2.1.8), were derived in this paper from certain limits of the top
level hyperbolic star-triangle relation (3.2.2) (for the Q3(δ=1) case), resulting in many new limits
of hyperbolic hypergeometric integrals. Table 3 highlights some interesting new interpretations in
terms of integrability for some relatively old classical hypergeometric integrals, such as Barnes’s
integral formulas (equivalently quantum H2(ε=1), H2(ε=0), H1(ε=1)) which first appeared in the
1900’s, and the Euler beta function (quantum H1(ε=0), H1(ε=1)) which goes back much further.
Such hypergeometric integral formulas are the basis of the link between the two types of integrable
systems based on the YBE, and 3D-consistency respectively.
There still remains much more that can be done in developing further aspects of the Yang-
Baxter/3D-consistency correspondence presented in this paper. Some examples include determining
statistical properties of quantum integrable systems that are associated to the continuous spin
solutions of the star-triangle relation (2.1.5), (2.1.8), determining the relevance of higher orders of a
quasi-classical expansion to classical integrability based on 3D-consistency, interpreting other forms
of hypergeometric integrals in terms of integrability, and understanding the appearance of classical
integrable equations for supersymmetric gauge theories [15, 39]. These are some of the important
topics that are planned for future research.
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Appendix A Summary of connection to hypergeometric integrals
Each of the star-triangle relations in this paper, after a change of variables can be seen to be equiv-
alent to transformation formulas for univariate hypergeometric integrals. The connection with the
hypergeometric integral theory is stated throughout this paper for each case, and is also summarised
in Table 3, along with citations for where the formulas originally appeared for hypergeometric in-
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tegrals (to the best of the authors knowledge). It appears that the star-triangle relations for the
“hyperbolic Barnes’s 2F1 integral” (3.7.1), and “hyperbolic Barnes’s first lemma” (3.6.1), have not
previously been related to hypergeometric integrals, however they did previously appear in the
context of integrable lattice models in [6] (as a self-duality relation), and [18] respectively.
Hypergeometric Integral STR Quad Equation
Elliptic beta integral [40] [7] Q4 [7]
Hyperbolic beta integral [28] (3.2.2) Q3(δ=1) (3.2.22)
Hyperbolic Saalschu¨tz integral [21] (3.3.1) Q3(δ=0) (3.3.18)
Hyperbolic Askey-Wilson integral [28, 31] (3.4.1) H3(δ=1; ε=1) (3.4.19)
Hyperbolic Saalschu¨tz integral [21] (3.5.1) H3(δ=1; ε=1) (alt.) (3.5.19)
Hyperbolic Barnes’s first lemma (3.6.1) H3(δ=0,1; ε=1−δ) (3.6.21)
Hyperbolic Barnes’s 2F1 integral (3.7.1) H3(δ=0; ε=0) (3.7.20)
Askey integral [32] (4.2.2) Q2 (4.2.21)
Barnes’s second lemma [12] (4.3.1) Q1(δ=1) (4.3.18)
de Branges-Wilson integral [34, 35] (4.4.1) H2(ε=1) (4.4.18)
Barnes’s second lemma [12] (4.5.1) H2(ε=1) (alt.) (4.5.16)
Barnes’s first lemma [11] (4.6.1) H2(ε=0) (4.6.19)
Selberg integral [37] (5.1.2) Q1(δ=0) (5.1.27)
Euler beta integral (5.2.1) H1(ε=1) (5.2.26)
Barnes’s 2F1 integral [11, 38] (5.3.2) H1(ε=1) (alt.) (5.3.26)
Euler beta integral (5.2.1) H1(ε=0) (5.4.11)
Table 3: Relation between various solutions of the star-triangle relation (STR) (2.1.5), (2.1.8), hypergeometric
integrals, and 3D-consistent quad equations of [5, 10] in a quasi-classical expansion.
Appendix B Examples of non-integrable cases
In Section 3, five limits were given of the top level hyperbolic star-triangle relation (3.2.2), which
resulted in different hyperbolic solutions of the star-triangle relation. There are many other limits
of (3.2.7) that result in new identities, which may not necessarily take the form of the star-triangle
relation (2.1.5), or (2.1.8). These cases still result in affine-linear classical equations in a quasi-
classical expansion, however these classical equations do not satisfy the 3D-consistency integrability
condition. Thus these examples are considered to be non-integrable, and this suggests that the
3D-consistent equations will only arise from the specific form of the star-triangle relations given in
(2.1.5), (2.1.8). Four non-integrable hyperbolic cases are considered in this Appendix.
B.1 Examples of non-integrable cases 1: triangle identities
Let the variables σ1, σ2, σ3, and θ1, θ3, take values (3.2.1). The triangle identity is given by
∫
R
dσ S(σ0)W (θ1 ∣σ1, σ0)W (θ3 ∣σ3, σ0) = R(θ1, θ3)W (θ1 + θ3 ∣σ1, σ3) , (B.1.1)
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where the Boltzmann weight is the same as in (3.2.3)
W (θ ∣σi, σj) = Γh(σi + σj + iθ;b)
Γh(σi + σj − iθ;b)
Γh(σi − σj + iθ;b)
Γh(σi − σj − iθ;b) ,
W (θ ∣σi, σj) =W (η − θ ∣σi, σj) ,
(B.1.2)
S(σ) is
S(σ) = 1
2
Γh(−2σ − iη;b)Γh(2σ − iη;b)
= 2 sinh(2piσb) sinh(2piσ/b) , (B.1.3)
and
R(θ1, θ3) = Γh(i(η − 2θ1);b)Γh(i(η − 2θ3);b)
Γh(i(η − 2(θ1 + θ3));b) . (B.1.4)
From (3.1.12), the asymptotics of the integrand of (B.1.1), with (B.1.2) are
O(e−4pi(η−(θ1+θ3))∣σ0 ∣) , σ0 → ±∞ , (B.1.5)
and particularly the integral in (B.1.1), with (B.1.2), is absolutely convergent for the values (3.2.1).
Proposition B.1. For the values (3.2.9),
lim
κ→∞
e
4pi(θ1+θ3)κ+4pi(θ1+θ3)σ2I14(θ1, θ3 ∣σ1, σ2 + κ,σ3)
= ∫
R
dσ0 S(σ0)W (θ1 ∣σ1, σ0)W (θ3 ∣σ3, σ0) , (B.1.6)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7), and the Boltzmann weights on the right hand side
are defined in (B.1.2), and (B.1.3).
The steps of the proof of Proposition B.1, are analogous to the respective steps for Proposition
3.2. The triangle identity (B.1.1), with (B.1.2), follows from Proposition B.1, by using (3.1.12) to
take the same limit of the right hand side of (3.2.2).
The triangle identity (B.1.1) is also satisfied by the Boltzmann weight (related to (3.3.2))
W (θ ∣σi, σj) = e−2pi(η−θ)(σi+σj) Γh(σi − σj + iθ;b)
Γh(σi − σj − iθ;b) ,
W (θ ∣σi, σj) =W (η − θ ∣σi, σj) ,
(B.1.7)
where now
S(σ) = 1 . (B.1.8)
From (3.1.12), the asymptotics of the integrand of (B.1.1), with (B.1.7) are
O(e4pi(η−(θ1+θ3))σ0) , σ0 → −∞ ,
O(e−4piησ0) , σ0 → +∞ , (B.1.9)
and particularly the integral in (B.1.1), with (B.1.7), is absolutely convergent for the values (3.1.2),
(3.2.1).
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Proposition B.2. For the values (3.2.9),
lim
κ→∞
e
4piηκ+2pi(η−2θ1)σ1+2pi(η−2θ3)σ3I14(θ1, θ3 ∣σ1 + κ,σ2, σ3 + κ)
= ∫
R
dσ0 S(σ0)W (θ1 ∣σ1, σ0)W (θ3 ∣σ3, σ0) , (B.1.10)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7), and the Boltzmann weights on the right hand side
are defined in (B.1.7), and (B.1.8).
The steps of the proof of Proposition B.2, are analogous to the respective steps for Proposition
3.1. The triangle identity (B.1.1), with (B.1.7), follows from Proposition B.2, by using (3.1.12) to
take the same limit of the right hand side of (3.2.2).
The triangle identity (B.1.1) did not appear before. The case of (B.1.1) with (B.1.2), is equivalent
to the hyperbolic analogue of the Askey-Wilson integral [28, 31] (the same as for (3.4.1) for the
H3(δ=1,ε=1) case), while the case of (B.1.1) with (B.1.7), is equivalent to the hyperbolic analogue
of the Barnes integral formula (the same as for (3.6.1) for the H3(δ=0,1; ε=1−δ) case). The triangle
identity (B.1.1) may be considered to be a special case of the star-triangle relation (2.1.5), where
W (θ ∣σi, σj) = 1, and has the graphical representation given in Figure 11.
p
qr
σ0
σ1
σ3
= p
r
σ1
σ3
Figure 11: Graphical representation of the triangle identity (B.1.1), where edges correspond to Figure 2 with
θ1 = q − r, and θ3 = p − q.
B.1.1 Classical equations
The triangle identity (B.1.1) also has a quasi-classical expansion for (3.1.7), which will lead to some
“two-leg” equations of motion, and associated affine-linear equations. The latter will obviously not
be a 3D-consistent quad equation, since (B.1.1) does not contain a factor that involves interaction
between the two variables σ2, and σ0.
The Lagrangian function for the case (B.1.2) is
L(α ∣xi, xj) = Li2(exi+xj−iα) + Li2(exi−xj−iα) + Li2(e−xi+xj−iα) + Li2(e−xi−xj−iα)
− Li2(e−2iα) + x2i + x2j + pii(xi + xj) − pi
2
2
,
(B.1.11)
while the Lagrangian function for the case (B.1.7) is
L(α ∣xi, xj) = +Li2(exi−xj−iα) + Li2(e−xi+xj−iα) − Li2(e−2iα)
+ (xi − xj)2 + (pi −α)2
2
− iα(xi + xj) − 2pi2
3
.
(B.1.12)
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Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand of (B.1.1), for both of the cases (B.1.11), or (B.1.12), takes the form
(pi −α1 −α3)2 − 2(α1α3 + pi23 ) − Li2(e−2iα1) − Li2(e−2iα3)
ih̵
+
Logρ( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
) = (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(B.1.13)
where
ρ(θ1, θ3 ∣σ1, σ2, σ3;σ0) = S(σ0)W (θ1 ∣σ1, σ0)W (θ3 ∣σ3, σ0) , (B.1.14)
and
A☆(α1, α3 ∣x0, x1, x2, x3) = C(x0) + L(α1 ∣x0, x1) + L(α3 ∣x0, x3) , (B.1.15)
where respectively for (B.1.11):
C(x) = 2piix , (B.1.16)
and for (B.1.12):
C(x) = 0 . (B.1.17)
The saddle point “two-leg” equation is then given by
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= ϕ(α1 ∣x1, x0) + ϕ(α3 ∣x3, x0) = 0 , (B.1.18)
where for the case of (B.1.2) with (B.1.11), ϕ(α ∣xi, xj) is defined by
ϕ(α ∣xi, xj) =Log(1 − exi−xj−iα) − Log(1 − exi+xj−iα)+
Log(1 − e−xi−xj−iα) − Log(1 − e−xi+xj−iα) + pii + 2xj , (B.1.19)
while for the case of (B.1.7) with (B.1.12), ϕ(α ∣xi, xj) is defined by
ϕ(α ∣xi, xj) = Log(1 − exi−xj−iα) − Log(1 − exj−xi−iα) − xi + xj − iα . (B.1.20)
With the following change of variables
x = − cosh(x0), u = cosh(x1), v = cosh(x3), α = e−iα1 , β = e−i(α1+α3), (B.1.21)
the exponential of the two-leg equation (B.1.18) with (B.1.19), is seen to correspond to the equation
x(β2 − 1)α + u(β2 −α2) + v(α2 − 1)β = 0 , (B.1.22)
while for the change of variables
x = −ex0 , u = ex1 , v = ex3 , α = e−iα1 , β = e−i(α1+α3), (B.1.23)
the exponential of the two-leg equation (B.1.18) with (B.1.20), corresponds to the equation
uv(β2 − 1)α + xv(β2 −α2) + xu(α2 − 1)β = 0 . (B.1.24)
The equations (B.1.22), (B.1.24), are independent of y, and cannot satisfy the 3D-consistency
condition defined in Section 2. The equation (B.1.22) may be thought of as Q3(δ=1) in (3.2.22) with
y →∞, while the equation (B.1.24) may be thought of as Q3(δ=0) in (3.3.18) with y = 0.
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B.2 Examples of non-integrable cases 2
Another example is the equation
∫
R
dσ0 S(σ0)W 1(η − θ1 ∣σ1, σ0)W 2(θ1 + θ3 ∣σ2, σ0)W1(η − θ3 ∣σ3, σ0)
= R(θ1, θ3)W1(θ1 ∣σ3, σ2)W2(η − (θ1 + θ3) ∣σ3, σ1)W 3(θ3 ∣σ1, σ2) ,
(B.2.1)
where the variables are as defined in (3.2.1). The equation (B.2.1) does not have the form of the
star-triangle relation given in either (2.1.5), or (2.1.8). Here
W 1(θ ∣σi, σj) = e−B+(σj ,−σi,θ)W (θ ∣ − σi, σj) , W1(θ ∣σi, σj) = eB+(σi,σj ,θ)W (θ ∣σi, σj),
W 2(θ ∣σi, σj) = eB+(σj ,σi,θ)W (θ ∣σi, σj) ,
W 3(θ ∣σi, σj) = eB−(σj ,σi,θ)W (θ ∣σi, σj) ,
W2(θ ∣σi, σj) = e−B+(σi,−σj ,θ)
W (−θ ∣σi, σj) ,
(B.2.2)
W (θ ∣σi, σj) = e−B(σi+σj+iθ)Γh(σi − σj + iθ;b) ,
W (θ ∣σi, σj) = Γh(σi + σj + iθ;b)
Γh(σi − σj − iθ;b) ,
(B.2.3)
and
S(σ) = e4piησ , R(θ1, θ3) = epii2 (B2,2(2θ3;b,b−1)+B2,2(2(θ1+θ3);b,b−1)−B2,2(2θ1;b,b−1)) , (B.2.4)
where η is defined in (3.1.2), B2,2(z;b,b−1) is defined in (3.1.13), B(z) is defined in (3.6.3), and
B±(θ;σi, σj) = B(−σi − σj + iθ) ±B(σi − σj + iθ) . (B.2.5)
From (3.1.12), the asymptotics of the integrand of (B.2.1) are
O(e4piησ0) , σ0 → −∞ ,
O(e−2pi(η−θ3+i(σ1−σ2))σ0) , σ0 → +∞ , (B.2.6)
and particularly the integral in (B.2.1), is absolutely convergent for the values (3.2.1).
The equation (B.2.1) arises in the following limit of the star-triangle relation (3.2.2):
Proposition B.3. For the values (3.2.9),
lim
κ→∞
e
4pi(2η+θ3−i(σ1−σ2))κI14(θ1 + 2iκ, θ3 − iκ ∣σ1 + κ,σ2 + 2κ,σ3)
= ∫
R
dσ0 S(σ0)W 1(η − θ1 ∣σ1, σ0)W 2(θ1 + θ3 ∣σ2, σ0)W1(η − θ3 ∣σ3, σ0) , (B.2.7)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7), and the Boltzmann weights on the right hand side
are defined in (B.2.2), (B.2.4).
The steps of the proof of Proposition B.3, are analogous to the respective steps for Proposition
3.1. Equation (B.2.1), follows from Proposition B.3, by using (4.1.6) to take the same limit of the
right hand side of (3.2.2).
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B.2.1 Classical equations
The Lagrangian functions for this case are defined by
Λ(α ∣xi, xj) = Li2(−exi−xj+iα) + (xi − xj)2
2
,
L(α ∣xi, xj) = Li2(−exi+xj+iα) + Li2(−e−xi+xj+iα) + (xj + iα)2
2
.
(B.2.8)
Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand of (B.2.1) is
x21 − x23 + i(pi − α1)x1 + (α1 +α3)(ix2 +α3) + pi(α1 −α3) − pi23
ih̵
+
Logρ( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
) = (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(B.2.9)
where
ρ(θ1, θ3 ∣σ1, σ2, σ3;σ0) = S(σ0)W 1(η − θ1 ∣σ1, σ0)W 2(θ1 + θ3 ∣σ2, σ0)W1(η − θ3 ∣σ3, σ0) , (B.2.10)
and
A☆(α1, α3 ∣x0, x1, x2, x3) = Λ(pi − α1 ∣ − x1, x0) +Λ(α1 +α3 ∣x2, x0) + L(pi −α3 ∣x3, x0) . (B.2.11)
The saddle point three-leg equation is then
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= φ(α1 ∣x1, x0) + φ(α1 + α3 ∣x2, x0) +ϕ(α3 ∣x3, x0) = 0 , (B.2.12)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = Log(1 + exi−xj+iα) − xi + xj ,
ϕ(α ∣xi, xj) = −Log(1 − exi+xj−iα) − Log(1 − exj−xi−iα) + i(pi − α) , (B.2.13)
and
φ(α ∣xi, xj) = φ(pi − α ∣ − xi, xj) . (B.2.14)
With the following change of variables
x = ex0 , u = ex1 , y = ex2 , v = cosh(x3), α = eiα1 , β = eiα3 , (B.2.15)
the three-leg equation (B.2.12) is seen to correspond to the quad equation
x(uα + yβ)β − y(u − 2vβ)α + βα2 = 0 . (B.2.16)
The quad equation (B.2.16) does not satisfy the 3D-consistency condition defined in Section 2.
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B.3 Examples of non-integrable cases 3
The final example is the equation
∫
R
dσ0 S(σ0)W 1(θ ∣σ1, σ0)W2(θ1 + θ3 ∣σ0, σ2)W 3(θ3 ∣σ3, σ0)
= R(θ1, θ3)W2(θ1 ∣σ2, σ3)W 4(θ1 + θ3 ∣σ1, σ3)W5(θ3 ∣σ1, σ2) ,
(B.3.1)
where the variables are as defined in (3.2.1). The equation (B.3.1) does not have the form of the
star-triangle relation given in either (2.1.5), or (2.1.8). Here
W1(θ ∣σi, σj) = eB(−σi−σj+iθ)−B(σi+σj+iθ)−B(σi−σj+iθ)−B(−σi+σj+iθ) ,
W2(θ ∣σi, σj) = eB(−σi−σj+iθ)+B(σi−σj+iθ)+B(−σi+σj+iθ) Γh(σi + σj + iθ;b) ,
W3(θ ∣σi, σj) = eB(−σi−σj+iθ)+B(−σi+σj+iθ)−B(σi+σj+iθ) Γh(σi − σj + iθ;b) ,
W4(θ ∣σi, σj) = 1
W2(−θ ∣σi, σj) ,
W5(θ ∣σi, σj) = 1
W3(−θ ∣σj , σi) ,
(B.3.2)
W i(θ ∣σi, σj) =Wi(η − θ ∣σi, σj) , i = 1,2,3,4,5 , (B.3.3)
where η is defined in (3.1.2), B(z) is defined in (3.6.3), and
S(σ) = e4piησ , R(θ1, θ3) = epii2 (B2,2(2(θ1+θ3);b,b−1)−B2,2(2θ1;b,b−1)−B2,2(2θ3;b,b−1)) . (B.3.4)
From (3.1.12), the asymptotics of the integrand of (B.3.1) are
O(e2pi(θ1+θ3−i(σ1+σ3))σ0) , σ0 → −∞ ,
O(e−2pi(η−θ3+i(σ1−σ2))σ0) , σ0 → +∞ , (B.3.5)
and particularly the integral in (B.3.1), is absolutely convergent for the values (3.2.1).
Proposition B.4. For the values (3.2.9),
lim
κ→∞
(e4pi(3η+θ3−i(σ1−σ2))κI14(θ1 + 2iκ, θ3 + iκ ∣σ1 + 2κ,σ2 + κ,σ3 + κ))
= ∫
R
dσ0 S(σ0)W 1(θ ∣σ1, σ0)W2(θ1 + θ3 ∣σ0, σ2)W 3(θ3 ∣σ3, σ0) , (B.3.6)
where I14(θ1, θ3 ∣σ1, σ2, σ3) is defined in (3.2.7), and the Boltzmann weights on the right hand side
are defined in (B.3.2).
After a change of integration variable σ0 → σ0+2κ, the steps of the proof of Proposition B.4, are
analogous to the respective steps for Proposition 3.1. Equation (B.3.1), follows from Proposition
B.4, by using (4.1.6) to take the same limit of the right hand side of (3.2.2).
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B.3.1 Classical equations
The Lagrangian functions for this case are defined by
L1(α ∣xi, xj) = 2xixj − (xi + xj + iα)2
2
− pi2
3
,
L2(α ∣xi, xj) = Li2(−exi+xj+iα) .
(B.3.7)
Using the asymptotics (3.1.9), the leading order O(h̵−1) quasi-classical expansion (3.1.7) of the
integrand of (B.3.1) is
−x22 − x23 +α1(α1 + 2α3) − pi22
ih̵
+ Logρ( α1√
2pih̵
, α3√
2pih̵
∣ x1√
2pih̵
, x2√
2pih̵
x3√
2pih̵
; x0√
2pih̵
)
= (ih̵)−1A☆(α1, α3 ∣x0, x1, x2, x3) +O(1) ,
(B.3.8)
where
ρ(θ1, θ3 ∣σ1, σ2, σ3;σ0) = S(σ0)W 1(θ ∣σ1, σ0)W2(θ1 + θ3 ∣σ0, σ2)W 3(θ3 ∣σ3, σ0) , (B.3.9)
and
A☆(α1, α3 ∣x0, x1, x2, x3) = L1(α1 ∣x0, x1) + L2(α1 + α3 ∣x0, x2) + L3(pi − α3 ∣x3, x0) , (B.3.10)
where
L3(α ∣xi, xj) = L2(α ∣xi,−xj) − x2i + x2j + 2ixj(pi −α) − (pi − α)2 . (B.3.11)
The saddle point equation three-leg equation is then
∂A☆(α1, α3 ∣x,x1, x2, x3)
∂x
∣
x=x0
= ϕ(α1 ∣x0, x1) + φ(α1 +α3 ∣x2, x0) + φ(α3 ∣x3, x0) = 0 , (B.3.12)
where φ(α ∣xi, xj), and ϕ(α ∣xi, xj), are defined by
φ(α ∣xi, xj) = −Log(1 + exi+xj+iα) + iα , ϕ(α ∣xi, xj) = xi + xj , (B.3.13)
and
φ(α ∣xi, xj) = −φ(pi −α ∣xi,−xj) . (B.3.14)
With the following change of variables
x = −ex0 , u = ex1 , y = ex2 , v = ex3 , α = e−iα1 , β = e−i(α3+α3), (B.3.15)
the three-leg equation (B.3.12) is seen to correspond to the quad equation
xvα + (1 + xuyv)β − uvβ2 = 0 . (B.3.16)
The quad equation (B.3.16) does not satisfy the 3D-consistency condition defined in Section 2.
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